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Abstract

This thesis addresses the challenge of automating fundamental operations from
probability theory and calculus on probability distributions defined by higher-order
probabilistic programs. It does this by developing a suite of composable program
transformations for an expressive core calculus for probabilistic programming:

e Integration: Compiling a probabilistic program into a deterministic representation
of its expectation operator, handling potentially intractable integrals symbolically.

e Unbiased estimation: Transforming programs involving intractable operations
(like integration) into runnable probabilistic programs that yield provably un-
biased estimates of the original value, with flexible levers for users to navigate
cost-variance trade-offs.

¢ Radon-Nikodym differentiation: Compiling probabilistic programs into imple-
mentations of a novel interface for the unbiased estimation of density ratios, of
the sort that arise in Monte Carlo and variational inference.

¢ Differentiation: Extending automatic differentiation (AD) to compose with the
above transformations, enabling the optimization of expected values and density
ratios of probabilistic programs.

These transformations operate on an expressive higher-order probabilistic program-
ming language and are proven correct using denotational semantics and logical
relations. The resulting framework enables the sound and automated implementa-
tion of a wide range of algorithms for probabilistic inference and learning.

To demonstrate the practical value of these techniques, we use them to implement
three systems for scalable probabilistic inference in different domains: (1) extensions
to the Gen probabilistic programming system that accelerate and automate a broad
range of Monte Carlo and variational inference algorithms, (2) the PClean system
for automated Bayesian reasoning about relational data, and (3) the GenLM system
for controllable generation from language models. We find that our techniques
enable these systems to scale to a variety of complex, real-world problems, and to
achieve state-of-the-art performance on a range of benchmarks.
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1

INTRODUCTION

1.1 Probabilistic computation

At first glance, it may seem counterintuitive that we would want a computation
to be probabilistic. We typically want our computers to be logical, systematic,
reliable—not random and capricious. But probability is not just a theory of
gambling: it is also a theory of rationality, explaining how to derive reasonable
conclusions from multiple imperfect sources of information. A broad range of
tasks that we routinely ask our computers to perform—from high-level tasks like
transcribing speech into text, recommending a new TV show, or estimating the
traffic on the way to work, to low-level tasks like CPU branch prediction, selectivity
estimation in databases, or robust touch sensing on smartphones—are inherently
probabilistic, in two senses:

e First, the specifications of many tasks are probabilistic, rather than logical. That is,
the correctness of software that performs such tasks can only be established with
respect to some probabilistic model. For example, a branch predictor is accurate
or inaccurate relative to some probability distribution over programs and data
that are processed by the CPU. Similarly, software that maps anonymous GPS
pings from millions of smartphones to real-time estimates of traffic conditions is
correct or incorrect relative to some probabilistic model over traffic conditions
and smartphone usage.

e Second, the methods we use to solve these tasks are often also probabilistic. This
does not mean that the final software artifact is stochastic, though in many settings,
itis. (Consider the interface that most leading AI companies expose to their users:
a prominent Retry button that allows us to draw multiple, independently sampled
answers until we are satisfied with the result.) Rather, during the development
of the software (if not at runtime), it is often necessary to compute or estimate
probabilistic quantities, such as expected values, event probabilities, gradients of
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densities, and so on. For example, modern reinforcement learning methods for
large language models require the stochastic estimation of gradients of expected
reward signals, as well as of a particular divergence between distributions, which
serves as a regularizer during training [Shao et al., 2024]. As another example,
Waymo uses sophisticated importance sampling methods to integrate billions
of miles of simulated driving data with millions of miles of real-world driving
data to estimate the probable rate of crashes; the estimates must be acceptably
low before software updates are deployed on the road [Terres et al., 2023].

Despite the ubiquity of inherently probabilistic tasks, the programming languages
that we use to specify and solve them generally do not let us express probabilistic
specifications or methods at a high level of abstraction. Rather, the probabilistic
thinking that goes into solving these tasks evolves independently from the code, in
practitioners’ notebooks, in research papers, and in the internal documentation of
industry software. Conceptually small changes to a probabilistic model or algorithm
may require laborious, error-prone pen-and-paper derivations and multiple, non-
local code changes, slowing the pace of iteration.'

This thesis advances a particular hypothesis for what higher-level languages for prob-
abilistic computation could look like. It builds on decades of work in probabilistic
programming, a programming paradigm in which probability distributions are
encoded as programs that make random choices during their execution. To this
literature, it contributes new methods for automating fundamental operations on
probability distributions, when they are encoded as programs. I argue that these
advances open the way to a new architecture for probabilistic programming systems
that could make them more generally useful for designing and implementing
probabilistic software.

1.2 Programming with probability distributions

A high-level programming language for probabilistic computation must have in
the first place a way of representing and working with probability distributions.
In mathematics, probability distributions have a wide variety of representations:
density functions, cumulative distribution functions, generating functions, measures,
random variables, Bayesian networks, factor graphs, random fields, energy-based
models, and so on. A central idea in probabilistic programming is that probability
distributions can also be represented as programs that make random choices [Koller

'The breakneck pace of new developments in machine learning circa 2025 may seem to belie this
claim. But a key contributor to this rapid rate of progress has been the development of high-level
tools for specifying differentiable loss functions and automating the math of optimizing them [Paszke
etal., 2017, e.g.]. Techniques that rely only on the standard deep learning toolkit have benefited the
most from these tools. My hope is that new tools that provide high-level automation for a broader
set of mathematical operations, from both calculus and probability theory, will spur research into a
broader range of techniques, which may help to address some of the key drawbacks of pure deep
learning. My collaborators and I have begun to explore some of these directions, which are discussed
in detail in Part III of this thesis.
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Probabilistic program Conditional probability distribution

p=A0.do
%)f}?_ﬂ?ip(l_e) 1-0 ifx=0
i en o ‘ L,
return 0 p(x;0) =10 if 0>0andx = 3
else 0 otherwise

return (6 = 2)

Figure 1-1: A program that makes random choices during its execution implicitly
defines a conditional probability distribution: given the program’s inputs, what is
the distribution over its possible outputs?

et al., 1997, Milch et al., 2004, Goodman et al., 2008b, Mansinghka et al., 2009b], and
that this representation is both a natural and a powerful one.

To understand the sense in which this is meant, consider the example in Fig. 1-1. On
the left is a program. It takes a number 0 as input, then flips a coin, with probability
1 — 0 of heads. If the coin flip succeeds, the program returns 0. Otherwise, it returns
8. We can view this program as a recipe for generating outputs, given inputs.
But we can equivalently view it as an unambiguous specification of a particular
conditional probability distribution, shown on the right of the figure. This is the

distribution p(x; 0) that it induces on its output x, given its input 0.

If our programming language is sufficiently expressive, this representation can
subsume many others. Table 1.1 gives several examples: with sequential imperative
programs, we can represent Bayesian networks; with if statements, we can represent
mixture models; with recursion, we can represent Markov chains, probabilistic
grammars, and state space models; and with higher-order functions, we can
represent non-parametric models and random measures [Roy et al., 2008, Dash et al.,
2023]. Furthermore, many distributions that would be too cumbersome to work with
using these existing representations become manageable with the machinery that
programming languages provide for abstraction, composition, and the management
of complexity. For example, Baydin et al. [2019] connect a stochastic simulator
of particle collisions in high-energy colliders, originally implemented in a million
lines of C++, to a probabilistic programming backend, enabling them to use it as a
probabilistic model in which to perform inference.

The representational power of probabilistic programs is sometimes assumed to come
at a cost, diminishing the effectiveness of the algorithms available for analyzing
and manipulating them. But this need not be the case, and in fact, probabilistic
programs have many advantages beyond their expressive power:

e First, just as Bayesian networks expose more structure in a distribution than
does a simple joint probability table, the source code of a probabilistic program
exposes a lot of structure that is not necessarily apparent in graphical model
or density function representations. This structure can be exploited for more
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Class of distribution Programming language feature

Bayesian S . x < normal(0, 1)
@ networks equenciig y < normal(x, 1)
b — flip(p)
x « if b then
N\\ Mixture models  Conditionals normal(0, 1)
e else
normal(4, 2)
walk = Ax.

Markov chains

State-space if x > 0 then do

Mﬁn models Recursion ;cm;;(;;)rmal(x, 1)
Probabilistic
else
grammars
return x
dp = Ma, Gy). do
sticks < mem(Ai.beta(l, a))
atoms «— mem(Ai.Gy)
al il Random Higher-order return (do
/N measures ' fun'ctions, u <—‘un1f0rm(.0, 1)
.| I Non-parametric  laziness, let (i, ) =until
B i models memoization (A(i, u).u < sticks(i))
. . u—sticks(i
(A(l’ M).(Z + 1’ 1—s:icksEi; ))
(0, u)

return (atoms(i)))

Table 1.1: Programming language features and example classes of probability
distribution that each feature can be used to express.

powerful automation by probabilistic program compilers.

e Second, as a representation, probabilistic programs are closed under many opera-
tions that cannot be treated as first-class in other representations. For example, a
Monte Carlo gradient estimator for a stochastic computation graph [Schulman
et al., 2015] may not itself be a stochastic computation graph, but a gradient
estimator for a probabilistic program is always itself a probabilistic program.

e Third, just as the study of graph theory and graph algorithms led to algorithmic ad-
vances for graphical representations of models, an extensive arsenal of techniques
from the programming languages community—including program analyses, pro-
gram transformations, synthesis algorithms, and optimization techniques—can
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Figure 1-2: A standard architecture for probabilistic programming systems. In the
standard architecture for PPLs, a model (specified as a probabilistic program) and a
query (e.g., to find the parameters that maximize the likelihood of some dataset) are
fed to an inference engine, which returns an answer.

be brought to bear on probabilistic programs.

Next, we will see how these properties can be exploited to develop new forms of
automation for working with probabilistic programs.

1.3 Automatic integration and differentiation of probabilistic programs

Given a probabilistic program, what can we do with it? A standard architecture for
a probabilistic programming system is illustrated in Fig. 1-2. In this architecture, the
user provides a single probabilistic program (the model) and one or more queries (e.g.,
to find the parameters of the model distribution that maximize the likelihood of some
dataset). An inference engine then uses one of a handful of supported algorithms to
compute or estimate answers to the user’s queries. In practice, different systems
support different algorithms, and the modeling language is typically designed with
a particular approach to inference in mind.

This thesis proposes a different architecture, depicted in Fig. 1-3. In this architecture,
we augment an expressive core language for probabilistic programming with a set
of composable program transformations that automate key operations on probability
distributions. Our approach is inspired by the success of systems like TensorFlow
and PyTorch, which provide users not with a black-box optimization engine, but
with automation for computing the gradients of (deterministic) models encoded as
programs. Relative to those systems, this thesis can be understood as a proposal to
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Figure 1-3: The architecture proposed by this thesis. We extend our language
of probabilistic programs with constructs for key operations from calculus and
probability theory: integration with respect to a distribution, unbiased estimation of
intractable quantities, Radon-Nikodym differentiation, and standard differentiation.

both expand the class of supported models, to include recursive, higher-order programs
that freely combine neural networks, symbolic control flow, and probabilistic
computation, and extend the automation, to support not just gradients, but also key
operations from probability theory, such as integrals and probability density ratios.

These operations can be composed to concisely and soundly implement an open-
ended set of algorithms for probabilistic inference, prediction, and learning. Just
as gradients answer the question which direction in parameter space should we step
to decrease the loss? in hill-climbing optimization algorithms, this broader set of
operations answers various questions that arise in the probabilistic setting. For
example, Radon-Nikodym derivatives are used to decide whether to accept proposed
samples in Markov chain Monte Carlo methods, as well as to identify promising
particles in importance sampling and sequential Monte Carlo. As another example,
gradients of integrals of log Radon-Nikodym derivatives are used to optimize the
parameters of posterior approximations in variational Bayesian inference. Although
these operations are typically intractable to compute exactly, all of these algorithms
can make do with cheaper estimates, motivating another key aspect of our design:
program transformations that automatically derive provably unbiased estimators
for intractable quantities, with levers for controlling the cost-variance trade-off.
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1.4 Application to scalable probabilistic inference

To demonstrate the practical value of these automated operations, the thesis develops
three systems for scalable probabilistic inference in different domains:

Extensions to the Gen probabilistic programming system [Cusumano-Towner
et al., 2019b] that accelerate and automate a broad range of Monte Carlo and
variational inference algorithms, handling the case when models, variational
families, or proposals do not necessarily admit tractable densities, and when
variational objectives do not necessarily admit tractable gradients (Chapter 6).

PClean, a domain-specific probabilistic programming system for reasoning
about and cleaning real-world tabular datasets of up to millions of rows, with
an automated sequential Monte Carlo algorithm based on automated Radon-
Nikodym derivatives (Chapter 7).

GenLM, a system for controllable generation from language models, which uses
estimated Radon-Nikodym derivatives to guide generation from a language
model toward completions that satisfy user-specified constraints (Chapter 8).

In extensive empirical evaluations, we find that our techniques enable these systems
to scale to a variety of complex, real-world problems, and to achieve state-of-the-art
performance on a range of benchmarks.

1.5 Outline of the thesis

This thesis is structured as follows:

Part I: Preliminaries lays the groundwork for the rest of the thesis.

— Chapter 2 (A Higher-Order Probabilistic Programming Language) introduces
the syntax and semantics of a higher-order probabilistic programming language.
This language serves as the core calculus on which the program transformations
developed in subsequent chapters operate. We pay especially close attention to
developing its denotational semantics. In the rest of the thesis, our program
transformations will be proven correct with respect to this semantics. Although
our semantics features several minor departures from prior work on the theory
of PPLs, for the most part, this chapter draws heavily on the existing literature,
and is included to provide a thorough and self-contained reference for the
notation and concepts used in the rest of the thesis.

Part II: Transforming Probabilistic Programs describes the key technical contri-
butions of the thesis: program transformations that automate the integration and
differentiation of probabilistic programs.

— Chapter 3 (Integrals and Unbiased Estimates) presents a framework for auto-
matically deriving provably unbiased estimators for integrals and functions of
integrals with respect to measures defined by probabilistic programs. It defines
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and proves correct two key program transformations: one that compiles a prob-
abilistic program into a higher-order deterministic program representing its
expectation operator, and another that transforms a deterministic but intractable
program into a tractable probabilistic program that generates unbiased esti-
mates of the original program’s intractable return value. This chapter also
develops novel techniques for reasoning about probabilistic program transfor-
mations, culminating in very general correctness theorems. Furthermore, it
establishes a foundation for the remaining chapters of the thesis, in two senses.
First, it introduces the central mechanism of estimation strategy annotations,
with which users can customize the estimates generated by our system in
correct-by-construction ways. We use this technique throughout the thesis to
afford users control over cost/variance trade-offs when estimating intractable
quantities. Second, the remaining chapters sometimes represent other quanti-
ties of interest—density ratios and gradients—uas intractable integrals that can
be automatically and soundly estimated using the techniques developed in this
chapter.

— Chapter 4 (Radon-Nikodym Derivatives) tackles the problem of computing or
estimating density ratios, or Radon-Nikodym derivatives, which are crucial
for many inference algorithms. First, we introduce the stochastic probability
interface (SPI), a computational interface for densities that permits certain
forms of unbiased estimation. We show that a broad variety of popular
algorithms for inference can be soundly implemented against this interface.
We then present a new program transformation for automatically compiling
probabilistic programs into implementations of this interface.

— Chapter 5 (Derivatives) develops an automatic differentiation (AD) algorithm
for our probabilistic programming language. This algorithm can differentiate
the intractable functions generated by the transformations from Chapters 3 and
4, enabling the optimization of expected values of stochastic processes, as well
as of density ratios. We demonstrate how this AD algorithm, in conjunction
with the transformations from previous chapters, allows for the derivation of
unbiased estimators for gradients, which are essential for variational inference
and stochastic optimization more generally.

e Part III: Scaling Probabilistic Inference demonstrates the practical value of our
probabilistic programming techniques, by showing that our approach can be
used to scale several applications of probabilistic inference.

— Chapter 6 (Programmable Bayesian Inference) details how the program trans-
formations developed in Part II can be used to construct flexible and modular
libraries for programmable inference, to help users implement sophisticated
Monte Carlo and variational inference algorithms. Empirical evaluations es-
tablish that: (1) the stochastic Radon-Nikodym estimators we automate can
deliver orders-of-magnitude speedups over exact but slow densities; (2) the
variance of the estimated densities is low enough that convergence of inference
is not significantly impacted; and (3) in the context of variational inference,
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when replicating certain models from the literature, our automation can build
unbiased gradient estimators that lead to significantly faster convergence than
achieved by the training algorithms hand-coded by the papers’ original authors.

— Chapter 7 (Scalable Automated Reasoning about Relational Data) introduces
PClean, a domain-specific probabilistic programming system designed for
modeling and cleaning tabular data about interrelated entities. PClean infers
a latent clean database from potentially noisy observations by employing a
specialized sequential Monte Carlo (SMC) algorithm with MCMC rejuvenation.
This chapter highlights how the automated computation of Radon-Nikodym
derivatives (for SMC weights and MCMC acceptance probabilities), as de-
veloped in Chapter 4, is specialized and applied within PClean to handle
large-scale, real-world tabular datasets, e.g. to detect thousands of errors and
impute millions of missing values in Medicare’s national database of practicing
physicians.

— Chapter 8 (Controllable Generation from Language Models) presents novel
techniques for guiding the output of language models (LMs) using sequential
Monte Carlo methods. These techniques help users generate samples from
programmatically defined target distributions that combine a base LM distribu-
tion with domain-specific syntactic or semantic constraints. The fast proposals
employed during inference do not admit tractable density functions, but the
necessary Radon-Nikodym derivatives can be tractably estimated using the
techniques developed in this thesis. Extensive empirical evaluations show that
controlling generation with these techniques can lead to significant improve-
ments in downstream accuracy on a variety of structured generation tasks,
from molecule synthesis to code generation.

e Part I'V: Conclusion concludes the thesis.

— Chapter 9 (Future Directions) discusses potential avenues for future research.
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2

A HIGHER-ORDER PROBABILISTIC
PROGRAMMING LANGUAGE

This chapter reviews the syntax and semantics of a standard higher-order language for
probabilistic programming, similar to that found in Scibior et al. [2018]. This will serve as
the language of study for the remainder of this thesis.

2.1 Background: The simply typed A-calculus

Chapter 1 asserted that programs could be interpreted as mathematical objects, such
as functions and probability distributions. In this chapter, we make this notion
precise. To do so, we must fix a particular programming language, and then define
a mapping from programs in this language to the mathematical objects they encode.
Such a mapping is called a denotational semantics.

We will define our programming language in stages, starting in this section with a
variant of the simply typed A-calculus [Church, 1940], a stripped-down functional
programming language. In the next section, we will add constructs for probabilistic
programming, and in the sections after that, we will add support for recursion
and recursive types, bringing the language’s expressiveness closer to real-world
languages such as Haskell and OCaml. But one key difference between this language
and real-world functional programming languages is that we will assume exact real
numbers are available as a primitive type, so that, e.g., x + y computes the exact sum
of two real-valued variables, rather than a floating-point approximation.

The material in this section is entirely standard, and can be safely skipped by
readers already familiar with functional programming and denotational semantics.
For readers with machine learning or probabilistic inference backgrounds who
have never studied programming language theory, this section can serve as a
self-contained introduction to just those concepts most relevant to this thesis.
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Listing 2.1 Grammar of the simply typed A-calculus, its types, and its judgments.

Syntactic category

Expressions e

Constants ¢
Built-ins f
Variable names x

Productions
1IN|R[Rp | Rso | 11 X2 | 111+ + €470 | T1 = T2

xlclfl(e,e)|melmel|Ax.e|e e |

{; e | match e with {{1x; > e | | {ux, > e,)
Olnlr
+|=Ix|+exp]..

X\ {match, with, exp, ... }

Naturalsn € N
Real numbersr € R

Typing contexts I’ == -|I,x:7
Typing judgments | == TI're:1
Syntactic sugar Expanded form
B = truel+ falsel
true = true()
false = false()
ife; thene, elsees =  match e; with {true _ +— e | false _ +— es}
letx = ¢, ine, (Ax. e)) e

2.1.1. Types

Every program in the simply typed A-calculus is assigned a type 7, which describes
the kind of value that the program computes. (Variables within a program are also
assigned types, which represent the kind of value that the variable can hold.) We
include in our language small collection of base types:

e 1: the unit type, for programs that produce no meaningful output.
¢ N: the type of natural numbers, for programs that output a natural number.

e R: the type of real numbers, for programs that output a real number. We also
include subtypes Rgj for the reals on the unit interval, and R, for the (strictly)
positive reals.

Given two types 7, and 7,, we can form the product type 7, X 7, for programs that
output a pair of values, one of type 7; and one of type 7,, as well as the function type
71 — T,, for programs that represent functions with inputs of type 7, and outputs
of type 7,. We can also form sum types ¢;7; + - + {,7,, for programs that output
one of several alternatives. Each alternative outcome ¢; has an associated type 7; of
data that can be returned alongside the label ¢; (if there is no such auxiliary data,
we can use 7; = 1, the unit type). For example, we can define a type for Boolean
values as true 1 + false 1, representing values that are either true or false.

The grammar of types is given in Listing 2.1.

Remark 1 (Grammars). A grammar is a way of formally specifying the syntax of
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a programming language. It consists of a set of syntactic categories, which we
mark in teal font, each of which can be expanded in one or more ways, according
to the productions listed in the grammar. We write category ::= production 1 | - |
production n, where each production is a sequence of symbols, some of which may
themselves be syntactic categories (with natural-number indices to disambiguate
multiple occurrences of the same category). A string belongs to a syntactic category
if it can be derived by repeatedly expanding syntactic category names according
to the productions of the grammar. For example, 7 can be expanded into 7, — 1,
which can be further expanded into (73 X 74) — 7, which can be futher expanded
into (R x N) — B. Thus, (R x N) — B belongs to the syntactic category of Types 7.

Throughout this thesis, we use symbols in teal font as (meta-language) variables that
range over the possible items belonging to the corresponding syntactic category.

2.1.2. Expressions

Programs themselves are written as expressions ¢, whose grammar is also given
in Listing 2.1. Intuitively, an expression ¢ is a program that can be executed in an
environment storing values for all the program’s free variables—variables not
declared within the program itself. For example, the program x; + x, has two
free variables, x; and x,, and its effect is to compute the sum of the numbers they
are assigned to in the current environment. Our language supports the following
constructs for building expressions:

e Variables x are expressions. A variable evaluates to the value that is currently
assigned to that variable in the environment.

e Constants c are expressions that evaluate to some fixed value, no matter the
environment. For each base type in our language, we have a corresponding set of
constants. The constant of unit type is written (), similar to None in Python. All
natural numbers 7 are available as constants of type N, and all real numbers r are
available as constants of type R.

e The expression (e, e;) evaluates to a tuple, or pair of values, the first of which is
the result of evaluating ¢; and the second of which is the result of evaluating e,.

e The expressions m; e and 7, e evaluate to the first and second components of a
tuple, respectively.

e The expression Ax.e evaluates to a function that, when applied to an argument,
evaluates ¢ with x assigned to that argument in the environment. For example,
the expression Ax. x + 3 evaluates to a function that, when applied to an argument,
adds that argument to 3.

e The expression ¢; ¢, evaluates to the result of applying the function e¢; to the
argument e;.

e The expression ¢; ¢ evaluates to a labeled value, where ¢ is evaluated and then
tagged with the label £;. This is a constructor for sum types.
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e The expression match ¢ with {1x; = ¢; | - | {,x, — e,} evaluates e, which must
yield a labeled value ¢; v for some i. It then evaluates ¢; with x; bound to v. This
construct allows case analysis on sum types.

e Built-in functions f are functions that are predefined in our language. They
include, for example, the standard arithmetic operations +, —, X, +, and exp. The
built-ins also include the inclusions (,,,,, when 7, represents a subset of 7, (e.g.
INSR, LRy, R, aNd 5O ON.)

Remark 2 (Infix notation). Strictly speaking, the syntax of our language suggests
that to add two numbers, we should write + (¢, ,)—the application of the built-in +
function to the pair (e;, e;). We will abuse notation by writing e; + ¢, instead, and do
similarly for other common binary operations. We will also freely use parentheses
to group sub-expressions in the usual way, e.g. e1(e; 3) is the program that applies
e to the result of applying e, to es.

Remark 3 (Higher-order functions). The simply typed A-calculus is a higher-order
language, which means that functions are first-class citizens that can be stored in
variables and passed as arguments to other functions. For example, the expression
Ax. x 3 represents a function that takes an argument x—which we assume is itself a
function—and applies it to 3.

Remark 4 (Functions with multiple arguments). The expression Ax. ¢ defines a
function of one argument x. Functions of multiple arguments can be defined either
by taking the single argument to be a tuple (whose individual values can then be
accessed using m; and m;), or by currying: we write Ax;. Ax,. ¢ to define a function
of two arguments, the first of which is x; and the second of which is x,. When
applied to just one argument, the result is a function that is still waiting for the
second argument. For example, the expression ((Ax;. Ax,. x; + x,) 3) 2 evaluates to 5.

Remark 5 (Syntactic sugar). We introduce several forms of syntactic sugar to make
it easier to read and write programs in our language:

e The type B is sugar for true 1 + false 1. It represents the type of Booleans. We also
use true and false as constants of type B, instead of true() and false().

e Similarly, we use if ¢; then ¢, else ¢; as syntactic sugar for match ¢, with {true _
e | false _ +— es}.

e We use let x = ¢, in ¢, as syntactic sugar for (Ax. e;) ;.

2.1.3. Assigning types to expressions

A context I' is a list of type assumptions x; : 74,..., x, : T, for some variables x;, ..., x,
and types 71,..,7,. A typing judgment I' - ¢ : T asserts that the expression ¢ has
type 7 in the context I'. Intuitively, this means that: (1) I' contains a type assumption
for every free variable occurring in ¢, and (2) assuming that each variable in I' is
assigned a value of the assumed type, ¢ evaluates to a value of type 7.
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A typing judgment is valid if it can be derived using the typing rules given in
Listing 2.2. If I' + e : 7 is valid for some I' and some 7, we say ¢ is well typed in
context I. An expression that is well typed in the empty context is said to be closed.

Each typing rule in Listing 2.2 includes a list of premises (above the line) and
a conclusion (below the line). Implicitly, all meta-variables (I, ¢, x, 7, etc.) are
universally quantified, and the dividing line between the premises and a conclusion
can be read as an implication (“for all I', ¢, x, ..., if premises, then conclusion”). For
example, the rule PAIr has two premises: I' - e; : 7y and I' - ¢, : 7,. When both are
valid, so is the conclusion: I' - (e;, ;) : 71 X 7,. That is, the expression (e;, ;) is well
typed in I' if each sub-expression is individually well typed in I, and in that case,
the type of the overall expression is the product of the types of the sub-expressions.

The rule BuirtIn depends on pre-defined arqument types ArgType(f) and return types
RetType(f) for each f. For example, ArgType(+) = R X R and RetType(+) = R,
because + operates on a pair of real numbers and yields one real number.'

Example 1. Consider the expression ¢ := Ax.exp(x). To derive the typing judgment
I' e : R — R, we apply the rules Buirtln, Var, Arp, and Ass, as shown in the
derivation tree below:

BuirtIn Va

Ix:Rrexp:R—>R RF,x:RI—x:R
Ix:RFexp(x):R
I'FAx.exp(x) : R - R

Aprpr

ABss

A derivation tree is a tree where each node is a rule application, and the premises of
a parent node are the conclusions of its children. The tree is pictured “upside down”
with the root node—whose conclusion is the judgment we are ultimately trying to
derive—at the bottom. Leaf nodes (at the top) are rules with no premises.

2.1.4. Denotational semantics

The denotational semantics of a programming language assign a mathematical
meaning to each program in the language. The denotational semantics of the simply
typed A-calculus are summarized in Listing 2.3, and explained in detail below.

Semantics of types. First, for each type 7 in our language, we define a set of values
[z], the denotation of 7. Because we have infinitely many types, we define [-] by
induction on the grammar of types. For numeric types, we choose the corresponding
sets of numbers. For the unit type, we can choose any singleton set; we write () for
the single value of unit type, so that [1] = {()}.

Product and function types are defined using the cartesian product and function

1Formally, we assume that numeric operations such as + and X have variants such as +y and Xy
that operate on natural numbers; when clear from context, we omit the subscript.
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Listing 2.2 Standard typing rules for the simply typed A-calculus.

VAR ConsTtR ConsTtN UN1T
, (if x ¢ T") S - S
x:t,I"kFx:71 'rr:R 'en:N 'e():1
BuirtIn Par Proj
I're :1y I'kep:1o I're:1y X1
I'+ f: ArgType(f) — RetType(f) [+ (e,e):11 X1 +Fmie:T;
MatcH
I're:l11 ++ €71, Fxi:mibre Ix,:t,Fe,: T
I' - match e with {1x; > e |~ | Cix, e} i T
Ing ABs Arp
I'ke:m; Ix:tyke:1 I'krep:ty > 1) I'ke: 1y
I'etie: bty + +€,1, I'rAx.e:11 = 1 I'kterer:1o

space constructions from set theory: for products, [71 X 72] = [71] X [72], and for
functions, [t; — 1] = [11] = [12], where X = Y is the set of all functions from a
set X to a set Y. Sum types denote disjoint unions with elements ¢;(v) for v € [7;].

Semantics of contexts. Given a context I', we write [I] for the set of all environments
y that satisfy the assumptions in I'. Formally, an environment y is a finite map from
variable names to values. Given an environment ), if x is in its domain, we write
y[x] for the value assigned to x in . We write [] for the empty environment, and
y[x + v] for the environment that extends y with a mapping of x to v (overwriting
any existing mapping of x in ) if necessary).

For the empty context -, we have [-] = {[]}; that is, only the empty environment
satisfies the assumptions in I' = -. For a non-empty context I', x : 7, the set of
satisfying environments is defined inductively, as {y[x + v] | y € [I], v € [7]}.

Semantics of well-typed expressions. Suppose I' + ¢ : 7 is a valid typing judgment.
Then we write [I' + ¢ : 7], or [e] for short (when I" and 7 are clear), for the denotation
of ¢, which is a function [I] — [r] mapping each environment ) satisfying the
assumptions of I' to the value [e]()) € [r] that the expression takes on in that
environment. That is, [e] tells us how to run the program e in a given environment.

The definition of [¢] (the bottom panel of Listing 2.3) is given by structural induction
on the grammar of expressions. For example, the denotation of a variable x is
the function [x]}()) = y[x] that maps each environment y to the value assigned to
x in y. The denotation of a A-abstraction Ax. ¢ in environment  is the function
[Ax. e](y) = v = [e](y[x = v]) that maps each value v to the result of running
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Listing 2.3 Standard denotational semantics for the simply typed A-calculus.

Semantics of Types Semantics of Contexts
Type = Set of values Context Set of environments
1] = 10} [l = 1
[N] = N IT,x:7] = {ylxwov]]
[R] = R yellvelr
[Roou] = [0,1]
[[R>O]] = (0/ Oo)
[[T] X Tz]] = [[T]]] X [[Tz]]
[11 = 7] [t] =[]

[[fl’fl + -+ fnT”]]

{ti(v) | v e [t]}

Semantics of Well-Typed Expressions

Term Value Term Value

[x]) = vylx] [match e with ) = le](v[x; ¥ v])
[010) = 0 (x> ehiciea] where [e]() = €,(0)
[n]() = n [er,e)] () = ([el] (), [e2] ()
[rG) = r [rie]() = m([e]())

[fI(y) = Operation(f) [ere] ) = [e]()([e2] (1))
[6ie]l(y) = G(e]l(y)) [Ax.el(y) = v [e](y[x — v])

e in the environment that maps x to v and is otherwise identical to ). This rule
implements lexical scoping, because the environment in which e is evaluated is the
one in which Ax. e is written, not the one in which it is applied.

Example 2. Consider the expression e := Ax;. Axy. x1 + X, a curried addition function.
In any environment ), the denotation [e]()’) is the function that maps each real
number v; to the function that maps each real number v, to their sum v; + v,:

[e](y) = v1 > [Axz. 21 + ] (Y[x1 = v1])
=01 (02 2 [x1 +0](y[x - o1]lx o 02]))
=v; & (02 &[] [ = oillxn = 02]) + []([x = o[ - 02])
=01 b (02 o p[x; o ][ o v][x] + y[x o o]l v][x])

:Ull—)(Uzl—)Ul+Uz)

Note that this is the denotation of the expression even in environments that map x;
or x; to specific (pre-existing) values. This is because y[x; — v1][x, — ©v,] overwrites
any pre-existing mappings. For example, this means that [let x; = 2in (¢ 3) 4](y) =7
(in any environment )’). We say that the instance of x; bound by A in ¢ shadows the
outer binding of x; to the constant 2.
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Denotations of closed expressions. When an expression ¢ is well typed in the
empty context (i.e., is closed), its meaning cannot depend on the environment,
because it has no free variables. In this case, we sometimes write [¢] to refer directly
to its value (rather than [e]())). We say that the closed expression ¢ denotes [¢]. For
example, 2 + 5 denotes 7 and Ax.exp(exp(x)) denotes the function x > ¢°.

2.2 Background: The probabilistic A-calculus

So far, our programs have been deterministic: in a given environment y, there is
exactly one value [e]|()) to which a program ¢ evaluates. This has made it a good
language in which to define mathematical functions, by writing programs whose
denotations are the functions of interest. In this section, we add new constructs to
our language for sampling random outcomes. As a result, we will have to revise
our semantics so that programs can denote not just values and functions, but also
probability distributions and Markov kernels.

Remark 6. (Pseudo-randomness) Just as we have papered over the distinction
between floating-point numbers (used by actual implementations) and exact reals
(considered by our semantics), we will similarly consider an idealized language
where random sampling is truly random, even though practical implementations
will rely on imperfect pseudo-random number generators (PRNGs). This is
because, in this thesis, we think of programs as compositional definitions of functions
and probability distributions that the user is interested in, and develop program
transformations that faithfully transform these definitions into other definitions
that have related denotations (e.g., that denote the derivative of the function that
the original program denoted). These program transformations are implementable
faithfully on practical hardware, and are exact. The thing that is approximate is
the execution of these programs, which does not faithfully compute their semantics,
due to floating-point error and pseudo-randomness. But such approximations can
be studied independently from the program transformations themselves, and are
outside the scope of this thesis.

2.2.1. Syntax for probabilistic programming

In Listing 2.4, we extend the grammar of our language with a new production
T == | P 7. For each type 7, the type P T represents the space of all probability
distributions on [t]. When an expression ¢ has type P 7, we think of the expression
as randomly generating a value of type 7 when it is run. We call a program of type
P 7 a probabilistic program.

Remark 7 (Samplers or distributions?). The code of a probabilistic program of
type P 7 can be read in two ways. The most natural reading of the code is as
a recipe for generating a random value of type 7. When we run a probabilistic
program, this is the appropriate reading: we execute each line of code, generating
and transforming random numbers to eventually obtain a random output of the
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Listing 2.4 Grammar of the probabilistic A-calculus, extending the simply-typed
A-calculus from Listing 2.1. New productions are highlighted.

Syntactic category Productions
TyPES T == 1 | N | R | R[O,l] | R>0 | T1 X To | 51’[1 +"'+€n’[n | 1T — Tp
P
Expressionse = x|c|fl(e,e)|melmel|Ax.e|e e |
{; ¢ | match e with {{ix; > e | ~ | €ux, > e,} |
return ¢ | do {m}
Blocks m == e|x «e;m
Constantsc == () |n|r
Built-ins fgr = +|—|X|+|exp]..
forr == uniform| flip | normal | ...

Variable names x € X'\ {match, with, exp, ... }
Naturalsn € N
Real numbersr € R

Listing 2.5 Typing rules for the probabilistic constructs introduced in Listing 2.4,
extending the standard typing rules from Listing 2.2.

ReTURN Do BinDp
Ilre:t I'te:Prt I'te:P1y Ix:ty+rdo{m}:P1,
I'returne: Pt I'rdofe}: Pt I'rdo{x «e¢;m}:P1,

program. However, mathematically speaking, the code is also an unambiguous
definition of a probability distribution on the space [t] of values of type 7. Our
denotational semantics, which we develop in the next section, will give a precise
meaning to the code of a probabilistic program as a probability distribution. But
running the program does not compute this distribution; it just yields a sample from
the distribution the program denotes.

Probabilistic built-ins. We extend the grammar of expressions with new constructs
for producing and consuming random values. The simplest of these constructs are
new builtins f,,;, such as flip : Rjo1; — P B, which takes as input a number p € [0, 1]
and returns a random Boolean: true with probability p and false with probability
1 —p. As another example, normal : R X R,y — P R takes in a mean and standard
deviation and returns a number generated from a Gaussian distribution with the
given parameters.

Deterministic computations as probabilistic programs. Deterministic computa-
tions are special cases of probabilistic computations; they just happen to allocate all
probability to a single outcome. The expression return ¢ has type P 7 when ¢ has
type 7, and represents the probability distribution that, with probability 1, yields
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the result of e.

Sequencing probabilistic computations. A common pattern in probabilistic pro-
grams is to generate a value from one distribution, then use it to decide what
(probabilistic) code to run next. This sequence of computations can be viewed itself
as a probabilistic computation. Syntactically, we introduce the notion of a block m,
which is either an expression e of probabilistic type, or a sequencing x « ¢;m of a
random assignment x < ¢ (where e is probabilistic) with a block m representing the
remainder of the computation. Given a block 1, do {11} represents the probabilsitic
computation that performs each random assignment in the block and finally returns
the outcome of the probabilistic expression at the end of the block.

The typing rules for return and do are given in Listing 2.5.

Remark 8 (Probability monad). P is a monad, and we have adopted Haskell’s return
and do notation for the monadic unit and bind.

Remark 9 (Syntactic sugar for deterministic assignment within a block). Within a
block 1, we allow x = ¢ as syntactic sugar for x < return e. This allows for making
deterministic assignments within a larger probabilistic computation.

Example 3 (Mixture of Gaussians). The following program generates a sample from
a mixture of two Gaussian distributions. It first flips a fair coin, then based on the
outcome, samples from either N'(0, 1) or N(5, 2):

mixtureModel = do {b « flip(0.5);
if b then normal(0, 1) else normal(5, 2)}

This expression has type P R, representing a probability distribution over real
numbers. It demonstrates how we can use random assignments and conditional
expressions to create more complex distributions from simpler ones.

Example 4 (Prior over linear functions). The following program implements a
simple prior distribution over linear functions, of the sort used in Bayesian linear
regression. It generates a slope and intercept from prior distributions, then returns
the linear map they induce.

randomLinearFunc := do {m < normal(0, 1);
b « normal(0,1);
return (Ax. m X x + b)}

This program has type P (R — R), and represents a probability distribution over
real-valued functions.

Example 5 (Bayesian Network for flu, allergies, and symptoms). The following
program models a simple Bayesian network where having the flu or allergies
influences the probability of observing fever and cough. It generates a sample
representing the state of a patient (presence/absence of flu, allergies, fever, and
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cough).

genPatientState := do {hasFlu « flip(0.05);
hasAllergy « flip(0.2);
hasFever « if hasFlu then flip(0.8) else flip(0.05);
hasCough <« if hasFlu then
(if hasAllergy then flip(0.9) else flip(0.7))
else
(if hasAllergy then flip(0.6) else flip(0.1));
return ((hasFlu, hasAllergy), (hasFever, hasCough))}

This program has type P ((BxB)x(BxB)), representing a joint probability distribution
over the presence of underlying conditions (flu and allergies) and of symptoms
(fever and cough), according to the specified conditional probabilities.

Example 6 (Randomized 3D scene generation). The following program generates a
randomized 3D scene by sampling object properties and lighting conditions, then
renders an image of the scene. We assume a function render that takes a scene
description (e.g., object position, color, and light intensity) and returns an image
represented as a flat vector of pixel values (R¥!6* for a 128x128 image with RGB
color data).

randomScene := do {0bjX « normal(0, 1);
objY « normal(0, 1);
objZ « normal(0,1);
0bjR « uniform(0,1);
0bjG « uniform(0, 1);
0bjB « uniform(0, 1);
lightIntensity « normal(10, 2);
sceneDesc = ((0bjX, objY, 0bjZ), (0bjR, 0bjG, objB), lightIntensity);
return (render(sceneDesc))}

This program has type P R3*163% (shorthand for a large tuple of scalars), representing

a probability distribution over rendered images, where the variation comes from the
probabilistically sampled scene parameters like object position, color, and lighting.

2.2.2. Finite semantics

To define the semantics of the probabilistic A-calculus, we need to extend our
definitions of [-] to cover our new types P 7 and our new language constructs (the
primitives f,,;, return, and do blocks).

The first question to answer is what space of values P 7 ought to denote. Intuitively,
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Listing 2.6 Semantics of the probabilistic constructs introduced in Listing 2.4,
specialized for a language where every distribution is supported on a finite number
of points. These definitions extend the standard semantics from Listing 2.3.

Type Set of values
[P ] = {p:[r] = Ry | p(x) > 0O for finitely many x, )y p(x) = 1}
Expression Value in y

1= [0)
10 otherwise

[do{e}]() = [el(y)
[[dO {X e m}]]()/) = Ay Zvesupp([[e]]()/)) [[e]](y)(v) : [[dO {m}]]()/[x = U])(y)

Ax

[return e]())

it should denote the space of all probability distributions on 7], but for general sets X,
there is no canonical construction of the probability distributions on X; in general,
probability distributions are defined over measurable spaces, not arbitrary sets.

That said, there is a coherent definition of the set of all finitely supported probability
distributions on a set X. The probabilistic programs we are interested in writing are
generally not finitely supported; even many of our primitives, such as normal and
uniform, are supported on infinite sets. But working through the semantics in the
simple setting of finitely supported distributions may help the reader better digest
the full semantics we present in the next section.

Finitely supported distributions. Let X be a set. Then we can define the set

FinProb(X) := {p : X = Ry | p(x) > 0 for only finitely many x A Z p(x) = 1}

xeX

of finitely supported probability distributions on X. Intuitively, a distribution
p € FinProb(X) allocates total probability mass 1 among finitely many values x € X,
called the support of p (supp(p)).

In Listing 2.6, we show how finitely supported probability distributions can be
used to give a semantics to our probabilistic constructs, so long as we remove
primitives with infinite support (such as normal). We set the type P 7 to denote
[P 7] = FinProb([7]). The primitive flip denotes the function

A PR I b = true()
fip] = » (b {1—;9 b:false()]'

mapping a parameter p to a finitely supported probability distribution on B.

To interpret composite probabilistic programs, we need a semantics for return and
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do. For return, we use the Dirac delta distribution:

L o=[e]()

t = '
[return ¢](y) = v - {0 otherwise

For do, we use marginalization to sum over the possible values of the temporary
variable x. ForI're:7and I, x : 7, + do{m} : P 7,, we have

[do {x < e;m}](y) =y Z [e]()(@) - [do {m}](y[x = v])(y)

vesupp([e]()))
= y = B [[do (m)](/[x = o])].

That is, the probability of generating an outcome y is equal to the sum, over all
possible outcomes v of ¢, of the probability of generating v for x and then generating
y from the rest of the program (run with x set to v).

Using these extensions to [-], we can assign to any expression of type P 7 (relying on
only the flip primitive, and not continuous or other infinitely supported distributions)
a finitely supported probability distribution (over final outputs) that it denotes.

Remark 10 (Samplers or mass functions?). In the semantics we have just defined, the
meaning of a probabilistic program is a measure u that can integrate any function.
As discussed in Remarks 7 and 10, this does not mean that when we run a probabilistic
program, we compute an integral. Running a probabilistic program just yields a sample:
our new semantics, like our old semantics, is just a way to analyze which probability
distribution is sampled from when we run a program.

2.2.3. Measure-theoretic preliminaries and quasi-Borel spaces

In this section, we develop a semantics that can handle probabilistic programs with
infinite support. The key difficulty is that our naive definition of a probability
distribution, as a function assigning probabilities to individual elements of a set X,
no longer suffices. Instead, we need a more sophisticated definition for probability
distributions, as coherent assignments of probabilities to events, i.e. subsets of
possible outcomes. This more sophisticated definition comes from measure theory.

Measures and measurable spaces. We first review several standard definitions
from measure theory:

e A measurable space X is a pair (Ex, Xx) where Ex is a set and Xx € P(Ex) is a
o-algebra on Ey, i.e., a collection of subsets of Ex closed under countable unions
and complements.

e A measurable map f : X — Y between measurable spaces X = (Ex, Lx) and
Y = (Ey, Zy) is a function from Ey to Ey such that f1(A) € Lx for all A € Ly.
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e A measure on a measurable space (Ex, Xx) is a function u : Xx — Ezo (Where
Ry = [0,00]) such that u(0) = 0 and u(U2, A)) = Y.io; u(A;) for any countable
collection of pairwise disjoint sets A; € Lx. A probability measure is a measure u
such that u(Ex) = 1.

Example 7 (Measurable spaces with countable domains). When Ex is a countable
set (e.g., N), it is common to take Xx to be the full powerset P(Ex).

Example 8 (Borel o-algebras). More generally, when Ex is the underlying set of a
topological space (e.g., R or R"), it is common to take Xx to be the Borel o-algebra
B(Ex), which is the smallest o-algebra containing all open subsets of Ex.

Example 9 (Measurable space of probability measures). Given a measurable space
X = (Ex, Zx), we can define the measurable space Prob X of probability measures
on X. The underlying set Ep,op x consists of all probability measures on X. The
o-algebra Xp, x is the smallest o-algebra making all evaluation maps u — u(A)
measurable for A € Lx. More precisely, Zpob x is generated by sets of the form

{‘Ll € EProb X | (U(A) € B}
for all A € Xx and all Borel sets B C [0, 1].

Integration of measurable functions. Given a measure u and a measurable function

f: X — Ry, we can integrate f with respect to u to obtain a real number f f(x) u(dx).
The integral is defined as follows:

e if f is the indicator function 14 of a set A € Ly, then f f(x) p(dx) = u(A).

e If f is a simple function (a finite linear combination of indicator functions,
f(x) = Yy a;: - 14,(x) for positive coefficients 4;), then the integral is the linear
combination of the integrals of its components ( f F(x) p(dx) =Y.y a; - y(Ai)).

e Finally, if f is an arbitrary nonnegative function, then the integral is the supremum
of the integrals of simple functions that are pointwise bounded above by f:

[ e uta) = sup { [ s et

For A € Ly, we write [, f(x) u(dx) := [1a(x) - f(x) u(dx) for the integral of f over A
with respect to p.

g simple A Vx € Ex, g(x) < f(x)} :

Example 10 (Dirac measure). Given a measurable space X and a point x € Ex, the
Dirac measure at x is the measure 6, : Lx — Ry that maps a set A € Lx to the value
14(x). The integral of a function f : X — Ry, with respect to 0, is f f(y) 6:(dy) = f(x).

Example 11 (counting measure). The counting measure on a measurable space X is
the measure counting, : Xx — R, that maps a set A € Zx to |A|, the number of
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elements in A. The integral of a function f : X — Ry, with respect to the counting
measure is f f(x) counting (dx) = }. g, f(x).

Example 12 (Lebesgue measure). The Lebesgue measure on R" is the measure A, :
B(R") — R, that maps a Borel set A € B(R") to its n-dimensional volume. The
integral of a function f : R" — Ry with respect to A, is f f(x) An(dx) = f f(x) dx,
where the right-hand side is the standard Lebesgue integral in Euclidean space.

Example 13 (Pushforward of a measure by a measurable map). Let f : X — Y
be a measurable map and y a measure on X. Then f.u, the pushforward of u by f,
is the measure on Y defined by (f.u)(A) = u(f"'(A)). The integral of a function

§:Y — Ry with respect to fouis [ g(y) fudy) = [ g(f(x)) u(dx).

Obstacles to a measure-theoretic semantics. In the previous section, we interpreted
types 7 as sets [7], and so to interpret P 7, we needed a general recipe for turning a
set X into a set FinProb(X) of probability distributions on X. We would now like to
interpret P T more generally, as a space of arbitrary probability measures on X. To do
so, we need to:

o Interpret types as measurable spaces. Given a set X, there is no “set of probability
measures on a X”; we must choose a specific o-algebra on the set. Since we want
to be able to talk about probability measures over any type in our language, we
need to assign to each type in our language not just a set of values but also a
o-algebra; that is, [7] should pick out a measurable space of values for the type 7.

o Interpret expressions as measurable functions. If e; : P 7, is a closed probabilistic
program, and x : 7; F e, : T, is a deterministic computation on a variable x of type
71, then do {x « ¢;; return e,} represents the pushforward of the measure [¢;] by
the map v = [e;](x = v). Because pushforwards are only defined for measurable
functions, this implies that in order to come up with a coherent semantics, we need
for expressions like e, to always denote measurable functions of their environment.
Note that this also implies that function types 7; — 7, should denote some space
[t1 = 72] containing only the measurable maps from [7,] to [7.].

Unfortunately, there is an important obstacle to actually defining such a measure-
theoretic semantics for our language. The problem arises when we try to define
[t1 — 75]. The underlying set should be the set of all measurable functions from
[71] to [r2]. But how should we choose a o-algebra on this set? For example,
which subsets of all measurable functions R — R should we consider to be
measurable? Aumann [1961] showed that there is no way to choose a o-algebra
that makes the evaluation map apply = (f,x) = f(x) measurable. But apply is
precisely what we want function application to denote in our semantics; that is,
[f :R = R,x:RF fx:R] should be precisely apply. The inability to choose
a o-algebra that makes apply measurable, then, prevents us from achieving the
second goal above, of ensuring that every expression has a measurable semantics.
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Quasi-Borel spaces. These difficulties motivated the devleopment of quasi-Borel
spaces, an drop-in replacement for measurable spaces that do allow us to interpret
function types [Heunen et al., 2017]. We now review the key definitions.

Definition 1 (Quasi-Borel space). A quasi-Borel space X is a pair (Ex, Mx), where
Ex is a set, and My is a collection of functions, called random elements, from R to Ex.
The collection My is required to satisfy the following closure properties:

o (pre-composition) If f € Mx and g : R — R is measurable, then f o g € M.
o (all constants) If x € Ey, then the constant function » — x € My.

o (piecewise gluing) If (f;)ien is a countable collection of functions in My and (A;)ien is
a countable partition of R into disjoint Borel sets, then the function f : R — Ex
defined by f(r) = fi(r) when r € A; is in M.

The analogue of a measurable map for quasi-Borel spaces is a quasi-Borel map.

Definition 2 (Quasi-Borel map). A quasi-Borel map f : X — Y between quasi-Borel
spaces X and Y'is a function f : Ex — Ey such that f o @ € My for all « € Mx.

Example 14 (Standard Borel spaces). When X is a standard Borel space (i.e., a
measurable space isomorphic to {1, ..., n} for some 1, to N, or to R), we can create an
equivalent quasi-Borel space X by taking Mx := {f | f is measurable}. This includes
as special cases:

e The natural numbers N, whose random elements are those functions f such that
fl(n) € B(R) for all n € N.

e The reals R, whose random elements are those functions f such that f~1(A) € B(R)
for all Borel sets A C R.

e The n-dimensional vectors R"”, whose random elements are those functions f
such that f~1(A) € B(R") for all Borel sets A C R".

e The non-negative extended reals @20, whose random elements are those functions
f measurable with respect to the o-algebra {A CR;o | ANR € B(R)}.

Example 15 (Products of quasi-Borel spaces). The product of two quasi-Borel spaces
X and Y is the quasi-Borel space X X Y with underlying set Exxy := Ex X Ey and
random elements Mxxy :={f | 71 0 f € Mx and m, o f € My}.

Example 16 (Sums of quasi-Borel spaces). Given quasi-Borel spaces Xj, ..., X, we
can form their sum Y.\, £;X; = 61X +- +¢, X, as a quasi-Borel space with underlying
set Eyr rx, = {1(x) | x € Ex,} U~ U {{y(x) | x € Ex,} and random elements

bi(an(r) reh
Myr ox, =3[ 4 a; € Mx,, (A;)i_, measurably partition R
bu(an(r)) 1€ A,
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Intuitively, a random element of a sum is constructed by partitioning R and using a
different random element a; from each X; on the corresponding region A;, with each
value tagged by the appropriate label ¢;.

Example 17 (Function spaces). The space of quasi-Borel maps from a quasi-Borel
space X to a quasi-Borel space Y forms a quasi-Borel space X = Y, with underlying
set Exsy == {f | Yo € Mx. f o a € My} and random elements Mx—,y = {f | Vg €
Mx. (r = f(r)(g(r))) € My}. Note that apply : (X = Y) Xx X — Y, defined by
apply(f,x) := f(x), is a quasi-Borel map, because for any a € Mx=y)xx we have
Ty o @ € My and 11 o @ € My, which together imply that

apply o a = (r = mi(a(r)(ma(a(r))))
is in My.
Example 18 (Quasi-Borel subspaces). If Ey C Ex, then we can form a quasi-Borel

space Y by equipping Ey with random elements My == {f | f € Mx and Vr € R. f(r) €
Ey}. My satisfies the necessary closure properties whenever My does.

Definition 3 (Quasi-Borel measure). A quasi-Borel measure on a quasi-Borel space
X is a quasi-Borel map u : (X = Rs) — Ry such that there exists a € My and
A € B(R) satisfying u(f) = Lx f(a(r)) dr for all quasi-Borel morphisms f : X — Rs,.
The quasi-Borel measures on X form a quasi-Borel space Meas X, a subspace of the
function space (X = Rso) = Ra.

Definition 4 (Quasi-Borel probability measure). A quasi-Borel probability measure
is a quasi-Borel measure u such that p(x — 1) = 1. The quasi-Borel probability
measures on X form a quasi-Borel space Prob X, a subspace of Meas X.

Definition 5 (Integration with respect to a quasi-Borel measure). If 11 is a quasi-Borel

probability measure on a quasi-Borel space X, and f : X — Ry is a quasi-Borel
function, then we can define the integral

| £60 u@ = utp,
We also write f fdu for the same quantity, and also E,[f] or E...[f(x)], especially
(but not exclusively) when p is a probability measure.

Note that because apply is a quasi-Borel map, integration with respect to a quasi-
Borel measure (integrate : Meas X X (X = Ryo) — Ry) is also a quasi-Borel map.
Indeed, integrate is just the restriction of apply to the domain Meas X X (X = R).

Definition 6 (Quasi-Borel measure kernel). A quasi-Borel measure kernel (resp.
probability kernel) is a quasi-Borel map k : X — Meas Y (resp. X — Prob Y).

Definition 7 (Integration with respect to a quasi-Borel measure kernel). Letk : X —
Meas Y be a kernel, and x € Ex a point in the underlying set of X. Further, let
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f:Y — Ry be a quasi-Borel map. Then we write

f Fkr, dy) = f FKD(y) = k@)

for the integral of f with respect to k at x. Note that by the notation introduced in
Definition 5, we can also write E, k[ f(y)] or Exy[f] for the same quantity.

Definition 8 (Composition of measures and kernels). The composition of a quasi-
Borel measure 1 on X and a quasi-Borel measure kernel k : X — Meas Y is the
quasi-Borel measure uk on Y, defined by (uk)(g) = u(x = k(x)(g)). We can also write
the composition using the Kock integral notation:

Bﬁk(xw(dx) =ky = (g > f g(y)k(X)(dy)u(dX)).

Just as with the integral notation in Definition 7, we can also use Kock integration
with respect to kernels instead of measures. Given x € Ex, k; : X — Prob Y, and
k> : Y — Prob Z, we have:

Bﬁkz(y)kl(x, dy) = Bﬁkz(y)lﬁ(x)(dy) = (8 > f 8@y, dz)k (x, dy))-

The dependent product of p with k is the quasi-Borel measure y ® k on X X Y,
pek:= ggﬁ%y)u(dx)k(x, dy) = (g = px = k@)(y = &lx, )

Example 19 (Dirac measure). For x € Ex, 0.(f) = f(x) is also a quasi-Borel probability
measure. To see this, note that 6,(f) = fA f(a(r)) dr for A =[0,1] and a(r) = x.

Example 20 (Counting measure). Let X be a quasi-Borel space whose underlying
set Ex has countably many elements (x;),ey. The counting measure on X is the
quasi-Borel measure counting,(f) := ),y f(x;). To see that this is a quasi-Borel
measure, note that it arises as fA f(a(r)) dr for A = Ry and a the function r — x|,

oo

Example 21 (Lebesgue measure). The quasi-Borel Lebesgue measure on R is A(f) :=
f f(x) dx, which arises as fA f(a(r)) dr for A = R and «a the identity function.

Example 22 (Pushforward of a quasi-Borel measure by a quasi-Borel map). Let
f : X — Y be a quasi-Borel map and p a quasi-Borel measure on X. Then £, the
pushforward of u by f, is the quasi-Borel measure on Y defined by (f.1)(g) = u(g o f).

If u(gx) = fA gx(ax(r)) dr, then (f.u)(gy) = fA gv(ay(r)) dr, where ay = f o a.

Example 23 (Product of quasi-Borel measures). The product of two quasi-Borel
measures i and v on X and Y is the quasi-Borel measure u ® v on X X Y, defined by
(uxv)(f) == u(x = v(y = f(x,v))). To see why this is a quasi-Borel measure, note
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Listing 2.7 Semantics of the probabilistic A-calculus in the general case (infinite-
support and continuous distributions).

Qbs Semantics of Types Qbs Semantics of Contexts
Type Qbs of values Context Qbs of environments
[ = 1 [] = E={ILM={r=[I)
[N] = N [[,x:7] = (E={ylxm—1]]
[R] = R y € Eyrp, v € Epqpl,
[Rpy] = [0,1]<R M = {r = ar(r)[x = ax()] |
[[R>0]] = (0,00)CR a1 € Murﬂ,az € M[[T]]})
[tix7] = [n]x][r]
(Xl b = Lo dl]
[t1 = ] = [u] =[]
[Pt] = Prob][r]

Qbs Semantics of Probabilistic Constructs

Expression Value
[return e[()) = gy
[do {e}]() =[]0

[do {x « e;m}](y) 56 [do{m}](y[x = v]) [e](y,dv)

that there exists a measurable bijection ¢ : R — R? such that ¢.A = A,. Supposing
u(fx) = [, felax(r) drand v(fy) = [, fr(av(r) dr, we have

(.U®V)(f):fA ‘fA flax(r), ay(r2)) dry dra
:f flax(r), ay(r2))Aq(d(ry, 12))
AxXAy

_ f Flax(@1(), ax(a(r)) dr
d~1(AxxAy)

- f fa) dr,
A
where a(r) = (ax(é1(1), ay(éa(r)) and A = ¢~ (Ax x Ay).

2.2.4. Infinite and continuous semantics

We are finally ready to give a semantics to the probabilistic A-calculus with infinitely
supported distributions. To do so, we:

e Interpret types as quasi-Borel spaces. To each type 7 in our language, we assign
a quasi-Borel space [1] as its denotation. To our ground types (e.g., B, R, Ry1)
we associate the obvious quasi-Borel counterparts of their previously defined
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denotations, described in Example 14. To the product type 7, X 7,, we associate the
product of the denotations: [7; X 5] := [71] X [72] (see Example 15). To the sum
type 171 + - + €, 7, we associate the sum of the denotations: ¢1[71] + - + €,[7,]
(see Example 16). To the function type 7, — 7,, we assign the quasi-Borel space of
quasi-Borel maps [11 — 7] = [11] = [2] (see Example 17). To the type P 7, we
assign the quasi-Borel space of probability measures Prob [7] (see Definition 4).

Interpret contexts as quasi-Borel environments. A typing context ' = x; : 7q,.., %, : T,
is now associated with a quasi-Borel space [I'] of environments. The underlying
set E[r) is the set of environments ) satisfying the assumptions in I', as previously
defined. The corresponding set of random elements is

My = {a : R — Ejrp | for all assumptions (x : 7) € I, (r = a(r)[x]) € M|}

Interpret expressions as quasi-Borel functions. Given a well-typed expressionI' + ¢ : 7,
we assign it a denotation [e] : [[] — [r], a quasi-Borel map. For the non-
probabilistic constructs in our language, the previously defined expression
denotations (in Listing 2.7) are already quasi-Borel. For the new constructs, we
assign new quasi-Borel denotations:

1. Probabilistic built-ins. Primitives f,, such as flip and normal, now denote
quasi-Borel probability kernels. For example, flip denotes the kernel

[flip] ==p (f &= p- f(true) + (1 — p) - f(false))
=pH(ﬁ+ fmmmﬂ,
[0,1]

t <
where a(r) = fr;ie ¢ ; P . (This last equality establishes that it is in fact a
alse r>p

quasi-Borel kernel.) But we can now also define semantics for continuous
primitives such as normal:

[normal] = (u, 0) — (f — ff(x) “N(x; u,0) dx)

=W@H&H fmmﬂ,

[01]

where a is the inverse-cdf function for the Gaussian distribution centered at
u with standard deviation o.

2. The return construct. We interpret return using the Dirac delta (Example 19).
That is, [return e]()) := O

3. Composition with do blocks. As in the finite semantics, we interpret sequencing
do{x < ¢;m} by marginalizing the temporary variable x, but now instead of
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Listing 2.8 Grammar of the probabilistic A-calculus with recursion, extending the
probabilistic A-calculus without recursion from Listing 2.4. New productions are

highlighted.

Syntactic category Productions
Typest = 1|N|R[Rp|Rso| i X120 |11+ 4+, [ T1 — T2 |
Pt | Plazy T
Expressionse = x| c | f | match e with {€1x; = ey | - | {x, - e,} |
(e1,e0) | mpe | mye | Ax.e | ey e, | returne | do {m} |
returny,;, ¢ | oy, {x < e;m} | ux. e
Blocks m = e|x «e;m
Constantsc == () |n|r
Built-ins fgr = +|—|X|+|exp]..
forr == uniform| flip | normal | ...

Variable names x € L\ {if, then,else, true, false, exp, ... }
Naturalsn € N
Real numbersr € R

a sum over the support of [¢], we take an integral with respect to it:
[do fx < esm1) = O [do ()L > oD e )

= fe f ( f ) [do {m)] (/[ v])(dy)) [610)do)

= f = Ev~[[e]](y) []Ey~[[do {;rz}]](y[xr—)v])[f(y)]]
= ky,

where k is the kernel v — [do {m}](y[x = v]) and u is the measure [e]()).

Remark 11 (Samplers or measures?). In the semantics we have just defined, the
meaning of a probabilistic program is a measure u that can integrate any function.
As discussed in Remarks 7 and 10, this does not mean that when we run a probabilistic
program, we compute an integral. Running a probabilistic program just yields a sample:
our new semantics, like our old semantics, is just a way to analyze which probability
distribution is sampled from when we run a program.

2.3 Probabilistic programming with recursion
In this section, we extend our probabilistic A-calculus to support recursive definitions,

by adding the construct px. e to the language (Listing 2.8). Intuitively, this expression
runs ¢, but in an environment where x is itself bound to ux. ¢, allowing x to be used
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within e to recursively reference the program being defined. The typing rule is
Mu
Ix:tre:7

Thux.e:t’

where 7 is the type of the value being defined recursively. We give several examples
for intuition on the flavor of recursion we implement, before defining the semantics.

Example 24 (Factorial function). The factorial function can be defined recursively
using the u construct:

factorial :N —» N
factorial = uf. An.if n =0 then 1 else n X f(n — 1)

Here, f : N — Nis bound by u to refer to the function being defined. When n =0,
the base case returns 1. Otherwise, it multiplies n by the factorial of n — 1, computed
recursively.

Example 25 (Geometric distribution). The type of the value being defined recursively
need not be a function type; we can also define probability distributions recursively.
The geometric distribution models the number of Bernoulli trials needed to get one
success. We can encode it in our probabilistic language using recursion:

geometric: PN
geometric := ug. dof
b « flip(0.5);
if b then return 0 else do/{
n <« g,
return (n + 1)

}

Here, geometric represents a distribution over natural numbers where the probability
of n is 0.5"*1. If the first flip succeeds (with probability 0.5), we return 0 trials.
Otherwise, we recursively sample from the same distribution and add 1 to the result.
The name g is bound by p to refer to the distribution being defined.

Example 26 (Infinite loops). General recursion opens the door to infinite loops. For
example, consider the following expressions:

o ufAx.f(x +1) of type R — R. This expression evaluates to a function, which,
given an input x, recursively calls itself with the argument x + 1. Running this
function on any input will diverge, i.e., result in an infinite loop.

e up.do{n « p;return (n+1)} of type P N. If we try to run this probabilistic program,
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it will immediately attempt to call itself recursively, to generate a natural number
n. Since there is no base case, the recursion never terminates, and the program
diverges.

o ur.r+2+1 of type R. This expression attempts to compute a real number by
immediately evaluating itself recursively, dividing the result by 2, and adding 1.
Without a base case, it diverges. (This is the case even though there is in theory a
fixed-point of the equation 7 = r +2 + 1, namely r = 2.)

e ux. x, which can be assigned any type 7. This expression attempts to compute a
value of type 7 by immediately evaluating itself recursively, with no base case,
and thus diverges.

Lazy evaluation (deterministic programs). Consider the expression m; (2, ux. x). If
111 e computes [e] before extracting the first element, then this expression diverges.
But if we adopt a lazy evaluation strategy—as in Haskell—we can avoid the infinite
loop. In lazy evaluation, a sub-expression is evaluated only when its value is needed
by the rest of the program. On this example, lazy evaluation computes the result 2.

Without recursion, laziness changes how efficiently a result is computed, but not
the result itself. With recursion, lazy evaluation can change the result of a program,
as the example above demonstrates. Our semantics for recursion will be defined
to correspond to a lazy evaluation strategy similar to Haskell’s: divergence of a
deterministic sub-expression will not cause the entire program to diverge unless the
program needs to evaluate (or force) the sub-expression.

Lazy evaluation (probabilistic programs). Consider the probabilistic program
do{x < puy. y;return 5}, of type P R. Does this program diverge, or does it
(deterministically) return 5? In real-world languages like Haskell, the answer
depends on the implementation of probabilistic sampling. For example, if we use
Haskell’s I0 monad, the program does diverge. This is because, in I0, a value
of type P 7 is implemented as a function that transforms a PRNG state. In the
expression do {x « ¢;m}, m does depend on ¢ even if it does not reference x, because
we must let e transform the PRNG state before passing it to m2. Thus, if e diverges
before it can yield an updated PRNG state, the overall program will diverge.” By
contrast, if we use a backend based on splittable random number generators, as
implemented by Dash et al. [2023], programs like do{x < py. y; return 5} do not
diverge. They handle do {x « ¢;m} by splitting the PRNG into a substate for ¢ and a
substate for 77, then immediately running 1, forcing ¢ only when x is used.

We will model both behaviors, using two probability monads: P and P;,.,. By default,
we will use P, which models the behavior of the Haskell I0 monad. However,
in several parts of the thesis, it will be useful to consider fully lazy probabilistic
programs, modeled by Py, .

ZNote that do {x « return ¢; 1} does not diverge, even if ¢ does. That is because it is immediately
obvious that return ¢ does not change the PRNG state; thus, the PRNG state can be returned
immediately and the actual sampled value can be handled lazily.
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2.3.1. Quasi-Borel predomains

Above we gave an intuitive operational explanation of u. We now make these
intuitions formal by extending our semantics to support recursion.

Values to represent divergence. First, as explained in Example 26, with recursion
our programs can have a new kind of behavior: they can diverge. To assign
denotations to programs that diverge, we need to extend our semantic domains
[7] to include values that represent divergence. For our numeric types 7, €
{N, R, Rjp1}, Rs0}, we add a new bottom element L to each domain [7,,,,]. (We will
revisit the question of how to represent divergence at other types shortly.) To extend
these types with L, we can use the following construction. Given a quasi-Borel
space X = (Ex, Mx), we define X, as the quasi-Borel space whose underlying set is
Ex U{Ll}, and whose random elements are

L ifreA
My =S|rm )
a(r) otherwise

Scott continuity and the halting problem. Consider the function halts? : R, — B,
that returns true if the input is a real number and false if the input is L. This is a
quasi-Borel map, but we cannot allow it to be included in the semantic domain
[R — B]; if we do, our semantic definitions will no longer be logically coherent. To
see why, consider the program A f. ux.if f(x) then uy. y else 0, of type (R — B) — R.
Our semantics should assign it some quasi-Borel map (R, = B,) — R,. When we
apply this map to halts?, what value v € Eg, should we get? Whatever the answer,
since it is the result of evaluating a recursive expression px.e, plugging it in for x in
e must yield v again; that is, it must satisfy the fixed-point equation

AeBR),ac MX}.

. {[[yy. yl if halts?(v) {J_ if halts? (v)

0 otherwise |0 otherwise

But there can be no such v: if v = L, then halts?(v) is false, and v must equal
0; if v € R, then halts?(v) is true, and v must equal L. This is a version of the
contradiction called the halting problem. In our setting, it is a sign that in order
to have a well-defined semantics for recursion, we need to impose a requirement
beyond measurability (or quasi-Borelness) on the denotations of our programs—a
requirement that rules out denotations like halts?. That requirement is Scott
continuity. Just as defining measurability required us to equip our spaces with
o-algebras and defining quasi-Borelness required us to equip our spaces with sets
of random elements, defining Scott continuity also requires us to add some new
structure to our semantic domains. Instead of quasi-Borel spaces, we will now
interpret our types as quasi-Borel predomains (abbreviated as w-gqbses) [Vakar
et al., 2019], which augment quasi-Borel spaces with partial orders.

Definition 9 (Quasi-Borel predomain). A quasi-Borel predomain (w-qbs) is a tuple

54



X = (Ex, Mx, <x), such that (Ex, Mx) is a quasi-Borel space, <x is a partial order on
Ex, and the following properties are satisfied:

e Closure of Ex under suprema. Every increasing sequence x; <x x, <x .. of
elements of Ex has a least upper bound sup,_ x; € Ex.

e Closure of Mx under suprema. Every increasing sequence a; <x a, <x .. of
random elements in My, ordered pointwise (i.e., a1 <x a; iff a1(r) <x a,(r) for all
r € R), has a least upper bound sup,_ a; = (v = sup, ai(r)) € Mx.

Definition 10 (Pointed quasi-Borel predomain). A pointed quasi-Borel predomain
is a quasi-Borel predomain X = (Ex, Mx, <x) with a distinguished bottom element
1x € ExsuchthatVx € Ex, Lx < x.

Definition 11 (Scott-continuous map). For w-gbses X and Y, a Scott-continuous map
f : X — Yisa function Ex — Ey that is monotone (for all x; <x x, f(x1) <y f(x2))
and preserves suprema (for chains x; <x x, <x .. in X, f(sup,. X;) = sup,y f(x)).

Definition 12 (Scott-Borel map). A Scott-Borel map f : X — Y between w-gbses is
a quasi-Borel map between (Ex, Mx) and (Ey, My) that is also Scott continuous.

Example 27 (Lifted quasi-Borel spaces). Let X = (Ex, Mx, <x) be a quasi-Borel
predomain. We define the pointed quasi-Borel predomain X, := (Ex,, Mx,, <x,) by:

e Ex =ExU/{Ll}, where L ¢ Ex is a new element

o Mo — . L reA
= alr) r¢A

e x<x, yifandonlyifx=Lorx <x vy

‘ AecBR),ac MX}

Example 28 (Products of w-gbses). Consider two w-gbses X = (Ex, Mx, <x) and
Y = (Ey, My, <y). We can then define the w-qbs X X Y := (Exxy, Mxxy, <xxv), Where
(Exxy, Mxxy) is their product as gbses, and (x, y) <xxy (x’, y’)ifand only if x <x x” and
y <y y’. If Xand Y are pointed, so is X X Y, with bottom element Lx.y = (Lx, Ly).

Example 29 (Sums of w-gbses). Let Xi,.., X, be w-gbses. Then Y[, :X; =
(Exrex, Myrex,, <yrex,) is again an w-qbs, where (Eyr.x,, Myrx,) is the quasi-Borel
space sum (Example 16), and {;(v1) <gr x, &(v2) if and only if j = k and v; <x; v,.

Example 30 (Spaces of Scott-Borel maps). Consider two w-gbses X = (Ex, Mx, <x)
and Y = (Ey, My, <y). We define the w-qbs X = Y := (Ex=y, Mx=y, <x=y), where:

e Exoy={f|f:Ex — Eyand f is Scott-Borel}
o Mx—y ={a|Va’ € My, (r = a(r)(a’(r)) € My}
o f <xy gifand only if Vx € Ex, f(x) <y g(x)

Note that if Y is pointed, so is X = Y, with bottom element 1L x_y = (x = Ly).
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Definition 13 (w-gbs of non-negative extended reals). The w-qbs of non-negative
extended reals R is w-qbs ([0, oo],M@ZO, Sﬁzo)’ where:

%) reA
M- =
* M {(r - {oc(r) ré A

o r<g sifandonlyifs=oorr<s.

‘ AeBR),ac MR>0}

This space is pointed, with bottom element 15z =0.

Definition 14 (w-quasi-Borel measures). An w-quasi-Borel measure on a quasi-Borel
predomain X is either:

e a Scott-Borel map u : (X = Rs0) — Rso, such that there exists A € B(R) and
a € My with u(f) = fA f(a(r)) dr for all Scott-Borel maps f : X — Rso; Or

e the least upper bound of a monotone chain of other w-quasi-Borel measures,
ordered pointwise.

w-quasi-Borel probability measures and kernels are defined just as their quasi-Borel
counterparts (Definitions 4 and 6). We adopt the same notation for integration with
respect to p as in Definitions 5, 7 and 8.

Example 31 (Subspaces of w-gbses). Let X = (Ex, Mx, <x) be a w-gbs. If Ey C Ex is
closed under suprema, then Y = (Ey, My, <y) is again an w-qbs, where:

e My ={a|ae Myxand a(r) € Ey for all r € R}
e y; <y ypifand only if y1 <x 12
If Ey contains a least element Ly then Y is pointed.

Example 32 (Space of w-quasi-Borel measures). The w-quasi-Borel measures on X

form a pointed w-qbs, Meas X, a subspace of (X = Rsy) = Ry with bottom element
the zero measure f — 0.

Example 33 (Space of w-quasi-Borel probability measures). The w-quasi-Borel
probability measures on X form an w-gbs, Prob X, a subspace of Meas X. If X is
pointed, then Prob X is pointed, with bottom element Lp,,, x = 6., = (f = f(Lx)).

2.3.2. Domain-theoretic semantics of recursive programs

We now redefine our semantics once again: each type is now interpreted as a pointed
quasi-Borel predomain, and each expression is interpreted as a Scott-Borel map.

Semantics of types. We interpret numeric types using the lifted quasi-Borel pre-
domains of Example 27, e.g. N, and R,.” The unit type 1 is not augmented with

3Note that the associated orders have L < x for all x, but otherwise distinct elements are
incomparable. That is, we do not use the linear order on R or N to interpret these numeric types, but
rather a flat order augmented with a bottom element L.
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Listing 2.9 Semantics of the probabilistic A-calculus with recursion.

@-Qbs Semantics of Types w-Qbs Semantics of Contexts
Type w-qbs of values Context w-qbs of environments
[ = 1 [] = E=AL
[N] = N, M={rm[]},
[R] = R, < ={(L[DhH
[Roy] = [0,1]L € R, [T,x:7] = (E={y[lx ]|
[[R>O]] = (O, OO)J_ CR, VS E[[F]]/v € E[['[]] };
[tixt] = [u]x[r] M ={r— a1(r)[x — a(r)] |
Xl bl = (EL Glul). ay € Myry, a2 € My},
[t1 =] = [u] =[] < ={0nlx = v1], yalx - v2]) |
[[P T]] = Meas HT]] U1 <[] U2, V1 1] )/2})

[Puzy ] = Prob [1]

@-Qbs Semantics of Expressions
Expression Value

[I' + returny,y, e : Py () = Opg0)
[T+ dozyfe} < Przy 7] (y) [e] ()
[[r F doluzy{x ¢ TTZ} : Plazy T]]()/) = Hgﬂdolazy{m}]](y[x A U])[[e]](% dl))

IR EE PN E if [e](y) = L
[I' + match e with {€ix; = e} : T](y) = l0x o o) if [[]0) = (o)
[I'+px.e:t](y) = sup,yvi, where
0o = L]

Vi1 = [e](y[x = vil)

1: a lazy evaluation strategy never forces a value of unit type, so no program can
distinguish between a diverging or a terminating computation at unit type. Note
that 1 is still a pointed w-gbs, with L; = ().

To interpret product and function types, we use the corresponding constructions on
pointed quasi-Borel predomains (Examples 28 and 30). Sum types {171 + - + €,7,
are interpreted as lifted sums (€1[[71] + - + €,[[T4]).-

The probabilistic types P 7 and Py, T are interpreted as spaces of w-quasi-Borel
measures (Examples 32 and 33): we choose [P 7] = Meas 7] and [Py, 7] = Prob [7].
Recall that we intend these two types to model divergence differently. P models
divergence strictly: divergence of ¢ implies divergence of do {x « ¢;m}. Pj,,, models
divergence lazily: divergence of ¢ does not cause do {x « ¢;m} to diverge unless m
needs the value of x. In Meas [7], divergence is represented by the zero measure 0.
In Prob [7], by contrast, the bottom element is 6 Iy the Dirac distribution at L.
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Plugging in each of these representations for ¢ in the semantics of sequencing yields:

[do {x « e;m}](y) = gg[[do {m}](y[x + ©v]) 0(dv) =0

[dow, {x — &;mi](y) = gﬁ [dows, ()] (/[ — 0]) 6. (do)

= Hdolazy {m}]](V[X = L])

In the first case, no matter whether 7 uses x or not, we get the 0 measure, representing
divergence. In the second case, we do not necessarily get divergence: it depends
on whether m forces x. Thus, the two spaces yield different interpretations of
divergence, that capture precisely the behaviors we want to model.

Semantics of contexts and environments. The denotation of a context I' is again a
space of environments. Environments satisfying the assumptions of a given context
I' can be ordered variable-wise: )1 <y 7> if and only if y1[x] <f;7 72[x] for all
assumptions (x : 7) € I'.

Semantics of expressions. Our denotational semantics of expressions has to change
in two key ways. First, we need to encode the way that divergence propagates
through a program: if a sub-computation diverges, does the whole computation
diverge? Second, we need to give a semantics to recursive definitions.

For deterministic computations, we model a lazy operational semantics similar to
Haskell’s, so we avoid propagating divergence unless it is necessary. Our semantics
of 1, m,, and of function application are the same as before; they may return a
value even if a subexpression evaluates to L. But the match construct does force
the evaluation of its scrutinee, leading to a new rule:

L if [e](y) =L

[I' + match e with {£x; = e}, 1 T](y) = {Hei]](V[Xi s o]) i [e]0) = b(o)

It is also the case that most of our primitive operations force the values of their
arguments. For example, the denotation of + is now revised to handle the case
where one or both of its arguments are L:

L ifx=_lory=1
x+y otherwise '

[[+]] =y~ {

Semantics of recursion. To assign a denotation to the construct ux. e, we compute
the least upper bound of an infinite chain of denotations:

[ux. e](y) = sup,

ieN
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where vy = L) and vy = [e](x = ©v;) for all i € N. This is well-defined because the
v; form an increasing chain in [7]. To see why, note that [[¢] is Scott-Borel and thus is
monotone. The start of the chain v is the bottom element and so is necessarily less
than or equal to v;. By monotonicity, this implies that v; = [e](x - v) <prp [e](x =
v1) = vp. This argument can be repeated to show that v; <j;j v, foralli € N.4

Scott continuity implies that [e](x = v) = [e](sup,y Vi) = sup,y[e](x = v;) = v, s0
v is a fixed point of v - [e](x = v). Indeed, it is the least fixed point of this map:
the smallest element v € E[,j that satisfies the fixed-point equation v = [e](x + v).

Remark 12 (Intuition for semantics of recursion). One intuition is that each value v;
in the chain L, [e](x — L), [e](x = [e](x = 1)),.. represents the denotation of the
program px. e under a fixed recursion limit i, atter which the program is assumed
to diverge. For example, consider the factorial function from Example 24. Its
denotation is the supremum of the chain

U = J—NJ_—>NL =An. L
vy =An.if n =0then 1 else n X vy(n — 1)
v, =An.if n =0then 1elsen X vi(n—1)

Each v; gives the correct factorial for arguments n < 7, and diverges if the recursion
limit i is exceeded. As i — oo, v; converges to the actual factorial function, defined
to equal n! on all inputs n.

Remark 13 (Recursive definitions of probabilistic programs). When we define a
recursive function, each v; allows the function to terminate on more inputs than v;_;
did. When we define a recursive probabilistic program, each v; instead accumulates
more mass on each output than v;_; did. For example, consider the geometric
distribution from Example 25. Its denotation is the supremum of the chain

Vg = LMeas N, :0:(f'_)0)
01=05-00+05-(x = x+1),00=05-00=(f = 0.5 f(0))
0 =05:00+05 - (x »x+1).03 =05-00+025-6; =(f = 0.5 f(0) +0.25- f(1))

Each v; represents a subprobability measure on N, , assigning mass 0.5" to the outcome
k-1, from k = 1 to i. Divergence is represented semantically as “missing mass”
from the distribution. Asi — oo, the probability of divergence 0.5 approaches 0,
and v; converges to the complete geometric distribution.

This program denotes the geometric distribution in both the strict and the lazy

*Note that monotonicity does not imply that v <[} [e](x + v) for all v. The argument relies on the
fact that we start the chain with vy, which is less than v; because it is less than everything.
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semantics (P and Py, ), but the particular chain of denotations whose fixed point
we take is different in the two cases. With Py, the ambient space is Prob N, which
does not contain subdistributions, only full probability distributions. The chain of
denotations becomes:

0 = J-Probl\h = 6J_ = (f Hf(l))
01=05-00+05-(x =»x+1).00=(f =05 f(0)+0.5- f(L))
0,=05-60+05- (x> x+1).v1=(f = 05-f(0)+0.25- f(1) +0.25- f(1))

Note that in Prob, divergence is represented as mass assigned to the bottom element
1, rather than “missing mass” as in Meas.

Remark 14 (Mutual recursion). Mutually recursive definitions can be made using
tuples. For example, the functions isEven and isOdd can be defined as the two
components of the tuple

pfs. (An.n =0V ny(fs)(n — 1), An.=(n = 0 V 11(fs)(n))).

2.4 Probabilistic programming with recursive types

Our final extension to our calculus is the addition of recursive types. We extend
our grammar of types to include type variables «, and a binder p for defining types
that refer to themselves:

T:::1|N|R|R[O,1]|R>O|T1XT2|Z?=1€1'T1'|T1_>T2|PT|PlazyT| 04|H04-T

The expression ua. 7 binds the type variable a for use in the type expression 7,
where it can be used to refer recursively to the type being defined. We add two new
expressions to our language for building and consuming values of recursive types:

UNROLL RoirL
['Fe:pat ['ke:tla - pa.t]
['Funrolle : t[a - pa.7] ['Frolle: ua.t

In these rules, the notation t[a = ua.7] refers to the result of substituting ua.t for
all free occurrences of the type variable « in the type expression 7.

Example 34 (Lazy streams). The type pa. R X o is one way to encode a type of
infinite streams of real numbers. Informally, a value of this type is always a pair,
whose first element is a real number (the head of the stream) and whose second
element is another stream (the tail of the stream). Actually building such an infinite
stream requires a recursive definition. For example, the infinite stream of all natural
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Listing 2.10 Well-formedness rules for types with type variables.

T-GrounD T-ArRrROW
TE {1, N, R, R[0,1],R>0} AF T type AF 1Ty type
A+ T type A+ 1 — 1) type
T-Prop T-Sum
A+ 71 type A+ 1, type A+ T type A+ T, type
A+ T X T, type Ar b1+ + 6,1, type
T-Pros T-Pros-Lazy T-Var T-Rec
A+ T type A+ T type a €A A,a b1 type
A+ Pt type A'F Py T type Ak o type AF ua.t type

numbers can be defined as follows:

nats .= us. roll (0, mapStream (Ar. r + 1) s)
pug-Af.As. roll (f(rm;(unroll s)), g f (m2(unroll s)))

mapStream :

Example 35 (Inductive type of natural numbers). The type ua.zero 1 + succ « is an
inductively defined type of natural numbers: values can either be zero() or succ(n)
for some n of the same type.

2.4.1. Type contexts and types as functors

A type context A is a list of type variables . We say a type expression 7 is well-
formed with respect to a type context A if A contains all the type variables that
appear free in 7. We write A I 7 type for the judgment that 7 is well-formed with
respect to A; the rules for this judgment are given in 2.10.

A type assignment X fora type context A is a list of pointed w-gbses, with elements
X, foreach a € A. If a type 7 is well-formed in in a type context A, then for each type
assignment X for A, we obtain a different denotation IIT]]()—()) for the type expression.
For example, for 7 = (w; X N) = a,, which is well-formed in A = (@3, @), we have
[t](X1,X2) = (X3 x N;) = X,. Listing 2.11 gives these denotations for the type
expressions in our language. Note that when A is empty (so 7 has no type variables),
these semantics exactly coincide with those from Listing 2.9.

A value in [[T]](X)) can be systematically transformed into a value in [[T]](?) for some

alternative type assignment 17, if we have maps 6} : X, = Y, and 6, : Y, — X,
for each @« € A. We need maps in both directions because type variables « can
appear both positively and negatively in . For example, consider the type expression
T =a; = a,. If we have a value f € [7](X;, X2) = X3 = X; and wish to transform
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Listing 2.11 Functorial semantics for types with type variables.

Type w-Qbs of values Functorial action on maps
=2 [07:Ye = Xa)aeal0F: Xa = Ya)aen) =,
Akt [N(Xdeer) [ > [J()
[ = 1 idy
N®) = N idy,
RI®) = R, idz,
[Rio,(X) [0,1], C R, idjoay,
[Ro] (}S) (0,00)L SR, id(,e0),
[a](X) Xa o;

[[Tl X Tz]] (}2)

[1](X) x [1:](X)

(11,6, [0, %))

n ¥ n F L x=_1
[Xim Gt (X) (Lizt Gl (X))o X = {&_ (HTi]](g—’5)+)(v)) x=10v
[t - 0lX) = [6]@) = [LlX) | fe [R)E,8) 0 fo [u]@,6)

-

p e [](6,8%).p

0
p = [t](©07,0%).p

X R X, ﬁﬁwmwémm@mﬁm»
u [[T]](( )) RZ((U a (map([[’(]]((é_, 7'(1(3?_\',), (5+’ ﬂz(s(f)))

where map(f) :=roll o f o unroll

Meas [[T]]()?)
Prob [7] X)

[P)X) =
[[Plazy T]](X)) =

[pa. T)(X) =

itinto ¢ € [7](Y1,Y2) = Y1 = Y3, we need a way to transform the inputs y € Y,
into inputs in X (for which we use o, Y1 — X;), and a way to transform the
outputs f(6;,(y)) back into outputs in Y (for which we use 63, : X, — Y3). That is,

g =0, o foo, . The map transforming f into g is written [a; — az]](g‘,ng); more
generally, we write [[T]](g‘, 5+) : [[T]]()Z) — [[T]]()?) for the function that systematically

transforms values of type [[z]](}Z) into values of type [[T]](Y)) using §* and &-. The
rules defining this map for general 7 are given in the right column of Listing 2.11.

Remark 15. Category theoretically, each well-formed type expression actually
corresponds to a mixed-variance functor F, : (0QbsP)A x wQbs™ - wQbs, and
we write [[T]]()Z) for F, ()?, )?), and [[T]](g_, 5+) for F., (5‘, 5+).

2.4.2. Recursive types

Now consider a well-formed type expression 7 in the context A, «. Given a type
assignment X for A (not including «v), we can define the sequence of w-Qbses Yy, Y1, ...,
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where

Yo ={L1}
Yin = [7J(X, V)

Between each Y; and Yj,; we can define an embedding-projection paire: Y; — Yi,4,
p: Yia — Y, satistying p(e(y;)) = y; for all y; € Ey, and e(p(yir1)) <v,,, Vi+1 for all
Yis1 € Ey,,,. We do so inductively:

e = Yo Ly Po = 1= Ly,

e = [7](Gd, p), (id, e)) pii = [7](Gd, e), Gd, p))

where id = (idx,)aea. Using these, we can take the bilimit of our sequence of
spaces,” Y = ua. [[TH(}Z),O() = (Ey, My, <y), where:

e Ey ={(yo, 1, ) IVieN,y; €Y, yi = p(yis1)}
o My ={a|VieN,mjoa €My}
e y <y y ifand only if y; <y, y; forall i € N.

Note that this is a pointed space: the bottom elementis Ly = (Ly,, Ly,,.. ). Itis also
closed under suprema: we can take the suprema elementwise, and the consistency
condition y; = p(yis1) will still hold, because p is Scott continuous.

What makes this a good interpretation for our recursive types ua. 7 is that there
is an isomorphism roll : HT]](()?, Y)) — Y, i.e. the space Y is isomorphic to the
interpretation of 7[a +— Y], and thus Y is a fixed point of the up-to-isomorphism
domain equation Y = [[T]](()Z, Y)).

To define the isomorphism concretely, first note that between each Y; and Y we
also have an embedding-projection pair, ¢/ : Y; —» Y and p/ : Y — Y;. The

projections p) = 7; just project out the appi‘opriate element of the infinite tuple.
The embeddings are of the form

el (Vi) = Piso (i), Pis1 Vi), -, Yis €imin1 (i), ),

wherep;,; = pjoop;_1forj <iande;,; = e¢j 10 o¢;fori < j. Then the isomorphism
roll, and its inverse unroll, can be defined as follows:

roll(v) := (L, [7]((id, &), (id, p))(), [7]((id, &), (id, p)))(®), )
unroll(yo, y1,) = sup [e]((id, p}), (id, ) (yin)

ieN

>The bilimit is simultaneously the limit of the diagram Y Ly, &y, & .. and the colimit of the
diagram Yo 35 Y1 3 Y, 5 .
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Part 11

Transforming Probabilistic Programs
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3

INTEGRALS AND UNBIASED ESTIMATES

Together, this chapter and Chapter 5 constitute a significant reformulation and extension of
the research originally published in Lew et al. [2023b], which was done jointly with Mathieu
Huot, Sam Staton, and Vikash Mansinghka.

3.1 Motivation and overview

Probabilistic programs offer a formal language for describing complex generative
processes and probability distributions. A fundamental task when analyzing such
models is to characterize their behavior via integration. Given a probabilistic program
defining a measure p on a space X, we can learn a lot about y by computing the
integrals of functions g : X — R with respect to . When p is a probability measure,
these integrals represent expected values E,[¢] = f g(x)u(dx).

Most directly, integrals characterize the average behavior of a probability distribution,
as observed by some function. (More formally, E,[¢] is the constant that the sample
averages 1 Y1, ¢(x;) converge to as n — oo, for x; ~ .) But integration with respect
to a measure can reveal much more about the distribution than its mean. For
instance, the probability of an event A C X is simply the expected value of its
indicator function, P(A) = E,[14]. Computing such probabilities is crucial in areas
like reliability analysis or rare event estimation, where the goal is to characterize
the tail behavior of a distribution by computing probabilities of unlikely events.
Furthermore, many higher-order statistical properties can be computed as functions
of integrals; the variance of a function, V,[¢] = E,[¢*] — (E,.[g])?, is a prime example.
Thus, a general mechanism for computing integrals with respect to probabilistic
programs would provide a powerful and general tool for probing their behavior.

Intractability of integration. Unfortunately, computing these integrals exactly is
generally intractable. The measures defined by probabilistic programs can involve
complex dependencies, continuous state spaces, and infinite support, leading to
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integrals or sums that lack closed-form solutions or are computationally prohibitive
to evaluate directly. The standard alternative, naive Monte Carlo estimation
(sampling x; ~ p and averaging g(x;)), suffers from significant drawbacks:

e Variance. The estimator’s variance can be high, requiring an impractically large
number of samples for acceptable accuracy. This is especially true when the
magnitude of g can be large even for inputs that are rare under p.

e Bias under composition. This approach can also introduce significant bias when
estimating composite quantities. For example, estimating V ,[¢] by the squaring
the sample mean of g(x;), or estimating ¢®l$! by the sample mean of e$®7, yields
biased results due to non-linearities applied outside the expectation.

Approach. This chapter presents a framework for automatically deriving provably
unbiased estimators for integrals (and functions of integrals) with respect to measures
defined as probabilistic programs, addressing both intractability and the challenges
of composition. Our core contribution is a pair of program transformations, drawing
on several techniques from the programming language literature:

1. Automatic integration (integrator{-}): We first employ a continuation-passing
style transformation to compile a probabilistic program e (denoting u) into a
deterministic program integrator{e}. This target program represents the mathe-
matical expectation operator E,, : (X — R) — R. Because the exact integral value
may be infinite or intractable, its result type R (denoting the space of extended
reals) is treated as opague—representing the true value symbolically without
necessarily computing it.

2. Automatic unbiased estimation (estimator{-}): We then use higher-order operator
overloading to transform a deterministic program operating on opaque R values
(like those produced by integrator{-}) into a new probabilistic program. This
resulting program, when run, generates samples from a distribution whose mean
is precisely the original opaque value. That is, our transformation synthesizes an
unbiased estimator.

Critically, there is often more than one way to construct an unbiased estimator for a
given integral, leading to different variance and computational cost characteristics.
For example, the expectation E,.,[g(x) + h(x)] can be estimated by sampling x ~ u
and returning g(x) + h(x), or by independently estimating E[g] and E[k] and
summing the results, or even by randomly choosing to estimate either E[g] or
E[h] and appropriately re-weighting. Our estimator{-} transformation handles this
by defining overloaded implementations for primitive operations (like +%, Xx,
or primitive expectation operators like E, ). Each primitive can have multiple
estimation strategies associated with it (e.g., SUM vs. SAMPLE for +g). Users can
guide the selection of these strategies via lightweight annotations, allowing them to
rapidly explore the combinatorial space of possible unbiased estimators and tailor
the variance-cost trade-off for their specific application.

The framework developed in this chapter serves as a crucial foundation for the rest
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integrator{:}
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(a) The integrator{-} transformation  (b) The estimator{-} transformation

Figure 3-1: Commutative diagrams illustrating the two program transformations
developed in this chapter. (a) The integrator{-} transformation compiles a source
program e, into a target program e;;;. The denotation [ess] is the true expectation
operator E, corresponding to the source measure u = [e;.]. (b) The estimator{}
transformation compiles a program e,,. denoting an intractable value r into an
program e, that unbiasedly estimates r (i.e., for v = [euy], E,[id] = 7).

of this thesis. Chapter 4 will show how to automatically transform probabilistic
programs into integral expressions representing their Radon-Nikodym derivatives
(i.e., ratios of probability densities). Chapter 5 will similarly show how gradients
of expected values and densities—essential in reinforcement learning, variational
inference, and sensitivity analysis—can also be formulated as integrals in our
framework. A significant advantage of this approach is that because densities
and gradients are ultimately expressed as (potentially complex, nested) integrals,
the estimator{-} transformation developed here can be directly applied to obtain
unbiased estimators for them. Such unbiased estimators can be plugged soundly into
algorithms like stochastic gradient descent, Markov chain Monte Carlo, importance
sampling, and sequential Monte Carlo, enabling the application of probabilistic
programming to a wide range of inference and optimization tasks. Collectively, these
techniques provide a powerful, compositional, and provably sound framework for
reasoning about and estimating the intractable integrals, densities, and gradients
that arise ubiquitously in probabilistic modeling.

Correctness and technical challenges. To reason about the correctness of our
transformations, we develop logical relations that specify their expected correctness
properties in a type-directed way, and inductive proofs that our transformations
satisfy these properties for all programs in our language. Although these proofs
are simple for unsigned integrands and non-recursive programs, they require
non-trivial extensions to cover our full language:

e Recursion: For our correctness proofs to apply to recursive probabilistic programs
and recursive integral equations, our logical relations need to be admissible, and
naively, ours are not. One intuition for what goes wrong is as follows. A standard
proof technique for reasoning about recursion involves showing that, for every
recursion depth limit, the desired correctness property holds for a depth-truncated
source program and the corresponding depth-truncated target program. But
when we transform a recursive integral expression into a recursive unbiased
estimator, this may not be the case: if we expand the source integral expression up
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to some depth limit, we may find that we need to expand the target estimator to
a larger depth limit for it to unbiasedly estimate the value of the truncated source
expression. In Section 3.4, we develop a more sophisticated approach that allows
the two programs to evolve out of sync as the recursion depth limit is increased.

e Signed integrands: As recursive probabilistic programs are permitted to execute
for longer, they accumulate more mass onto their possible outputs, and integrals of
non-negative functions increase monotonically. Our proofs rely on this property.
In the presence of signed integrands, this monotonicity no longer holds. In
Section 3.5, we extend our approach to handle arbitrary real-valued integrands
and their potentially undefined integrals, by separately tracking the positive and
negative values that our estimators may return.

e First-class (nestable) integration and estimation: In Section 3.6, we show
how integration and unbiased estimation can be added as first-class language
constructs, rather than as external program transformations. This allows users
to nest estimation and integration, for example, to estimate the variance of an
automatically derived estimator. However, this change requires understanding
the type R as an infinite recursive type, whose inhabitants not only represent a
value, but also a way to unbiasedly estimate it, to take integrals with respect to
that unbiased estimator, to estimate those integrals, to take integrals with respect
to those estimators, and so on. Reasoning about correctness then requires the use
of recursively defined logical relations on recursively defined spaces, for which
we adapt a technique introduced by Pitts [1996].

Together, these innovations allow for first-class integration and unbiased estimation
with correctness guarantees in a very expressive language.

3.2 Automatic integration with continuations

Our goal in this section is to automatically compile a probabilistic program e,
denoting a measure , into a new program integrator{e} that implements the
expectation operator E,. To start, we will consider the probabilistic A-calculus
without recursion, and integrals of only non-negative functions. However, we will
lift both these restrictions in the remainder of the chapter.

As discussed in the previous section, an immediate challenge is that our language
can express many measures i and functions f for which E,[f] is intractable to
compute exactly. This fact motivates two key design decisions:

e First, in this section, we add a new type Ry to our language to represent the results
of (possibly intractable) integrals. Because the results of integrals may be infinite,
we take [Ryo] = R, the space [0, o] of extended non-negative reals. And because
the results of integrals may be intractable to compute, in our implementation this
type is opaque: evaluating a program of type R will print “<value of type
R>0>", but give no information as to what the particular value is. Semantically,
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Listing 3.1 Grammar of Ay, extending the probabilistic A-calculus from Listing 2.4.
New productions are highlighted.

Syntactic category Productions
Typest == 1|N|R|[Rpi|Rso| R" |11 X710 | 11+ + 047, |
T1 — Tp | P
Expressionse = x|c|fl(e,e)|mel|mel|Ax.e|e e |
{;e | match e with {{1x; > e |~ | {,x, — e,} | returne |
do {m}
Blocksm == e|x «e;m
Constantsc == () |n|r
Built-ins fgr = +|—|X|+|exp]..
forr == flip | normal | uniform| ...
fe = castpow | +o | —o | Xt | expa | sumeo | E | .

Variable names x € L'\ {match, with, exp, ... }
Naturalsn € N
Real numbersr € R

however, we assign every program of type R a well-defined denotation: there
is an intended result of the computation, even if we cannot compute it exactly. The
goal of the integrator transformation is to compositionally build programs that,
if we could tractably execute them, would return correct integrals.

e Then, in the next section, we will define a new program transormation estimator{-}
that transforms deterministic programs returning an opaque Ry, value (like the
one produced by integrator{-}) into a probabilistic program. This new program,
when executed, produces random samples whose expected value is precisely the
original, intractable R, value. That is, it computes an unbiased estimate.

By composing these two transformations, users can automatically derive probabilis-
tic programs that compute unbiased estimates of integrals—or even functions of one
or more integrals—with respect to arbitrary user-specified measures.

3.2.1. Syntactic extensions to the core language
We extend the probabilistic A-calculus (Listing 2.4) with new types and primitives:

e For each natural number n € N, we add a type R. to our language, to represent
the results of integrals of non-negative vector-valued functions. Semantically,

[RL,] = @;O, the space of n-dimensional vectors of non-negative extended reals.
We need to use extended reals here because integrals can be infinite. Whenn =1,
we omit the superscript.

e We add new primitives for computing with values of type R.,. This includes
primitives for casting ordinary reals as values of type ‘R’Zlo (castr_%), and for
arithmetic operations (+x, Xx,..) on these values. Because ER’;O is meant to
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Listing 3.2 New primitive operations in Ay (Listing 3.1). See Section 3.5 for extension

to signed extension reals.

Primitive f.; Arg(fo:) — Ret(fo.) Operation(fe.:)

castRzO_)sR;O Rog X XRyg — SR’ZZO Ax.x

X9t Rx0 X Rap — Ry AL, ). ;OX y gt;fw{fs'ey}
Xpn Rz0 = R Ax. {eojcp(x) ioftirie:rvf:i)se
E%I T (0> RY) >R, A0 Ag. ]Efw,b(g)[g]

(for f,p : T = P o)

Listing 3.3 Semantics of new types in Ay (Listing 3.1).

Type Qbs of values
[[ER;O]] = K20 X X Rzo

represent possibly infinite and intractable-to-compute values, we can also add
new primitives that would not work for R. For example, we add a primitive

Sume : (N = Rp) = Ryo

denoting the (possibly infinite) sum of an infinite sequence of non-negative reals.

Finally, we add new higher-order primitives
E’}pm : ArgType(fprb) — (RetType(fp,Ab) - 9{’;0) N 9{1;0

for each probabilistic primitive f,,, and each n € N, denoting expectation operators
for the corresponding probability distributions. In addition to the usual arguments
for f,, (e.g., the bias of the coin for flip, or the mean and standard deviation for
normal), these higher-order primitives also take as input a (possibly vector-valued)
integrand g : RetType(f,;) — R,. They then return the (possibly vector-valued)
expected value, or integral, of this integrand, under the measure denoted by f,,;.

For example, we assume a primitive Eg;, denoting the expectation operator
Efip = p = (g > g(true) - p+ g(false) - (1 —p)). As another example, E}  denotes

normal
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Probabilistic program Expectation operator

e:PR El - (R = RYy) = R,
e =do | E = Ag.
b flip(0.3); Bl 03 (AD.
if bthen do { if bthen
x <« normal(0,2) ; EZormul(O 2 (Ax.
return (3 X x)} g (3% X))
else do { else
x « normal(0.7,1) ; n
Enormal(0.7,1) (/\x

return (x +2)}} g (x+2)

Figure 3-2: The expectation operator associated with a probabilistic program can
be written by nesting multiple simpler expectation operators, each with respect to
some primitive probability distribution that appeared in the original program.

the Gaussian expectation operator for 3-dimensional vector-valued integrands:

271102

3 1 _-p? 3
IEnormal = ([J, o) g ni(g(X)) . -e 22 dx .
i=1

Because RY is an opaque type in our implementation, we do not need to actually
implement exact versions of these primitives; at this stage, we just implement
stubs and define their semantics on pen and paper.

These changes are summarized in Listing 3.1.

3.2.2. Expectation operators of composite probabilistic programs

Our language now has primitives representing the expectation operators associated
with primitive probability distributions, but what about expected values with respect
to user-defined probabilistic programs?

It turns out that if a program ¢ : P 7 is written as a composition of primitive
probability distributions, then its associated expectation operator can be written as
a composition of primitive expectation operators. For example, the program e : P R
in Figure 3-2 defines a probability measure [¢] on R: it is the output distribution
of the process that samples a boolean b ~ Bernoulli(0.3), then samples x from a
Gaussian whose parameters depend on b, and finally returns 3x if b is true, or 5
otherwise. The corresponding expectation operator, E!, is shown in the right panel
of Figure 3-2. It is implemented by nesting the expectation operators associated
with the primitives that appeared in the original program e (i.e., EL. and E' ).

The integrator program transformation. We can automate the translation of a
probabilistic program into its expectation operator, using a variant of the popular
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Listing 3.4 Specification for the integrator program transformation. A well-typed
source-language expression I +- ¢ : 7 is transformed into a new well-typed expression
integrator{I'}  integrator{e} : integrator{z}, such that

(71,72) Rl = ([e](1), [integratorle}] (1,)) € R..

Source type ©

Pt

Transformed type integrator{7} and spec R{
(integrator{t} — RL)) — R,

R ={wEDi(s o [sdnE) er!_y )

integrator{t;} X integrator{t,}

R = {11 € 10,20, 6 m ) < R

tintegrator{t,} + - + {,integrator{z,}

RL . ={@xtniwyerlicn,. m|

integrator{t;} — integrator{z,}

Rl ={(F.9 1V < R (F00, 80 < R}

Source context I’

- (empty context)

Transformed context integrator{I'} and spec Rg

= {1 [D}

integrator{I'}, x : integrator{t}

R =10nlx o 0], alx = 0a]) |
(1,72) € R, (01,0,) € RS}

continuation-passing-style transform from functional programming. The transforma-
tion is given, as a macro, in Listings 3.4 and 3.5.

The ultimate goal of the integrator macro is to transform an expression ¢ of type P ¢
(for some ground type o) into a new expression integrator{e} of type (c — R") — R”"
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Listing 3.5 Implementation of the integrator program transformation.

Source expression ¢ Transformed expression integrator{e}

9) 0

r r

n n

X X

f det f det

fext fext

match ¢ with {{;x; — ¢}, match integrator{e} with {{;x; > integrator{e;}}
(e1,€2) (integrator{e; }, integrator{e,})

T € 71 integrator{e}

T e T, integrator{e}

Ax.e Ax.integrator{e}

e e integrator{e;} integrator{e;}

return e Ag. g(integrator{e})

dofe} integrator{e}

do{x « ¢;m} Ag. integrator{e} (Ax. integrator{do{m}} g)
Jorv Ef.

implementing the expectation operator. The macro does this compositionally, by
recursively translating sub-expressions and combining them into a translation of e.

A sub-expression of type 7 in context I' is translated into a sub-expression of type
integrator{7} in context integrator{I'}, where integrator{I'} is the context obtained
by replacing each assumption x; : 7; € I' by the assumption x; : integrator{z;} in
integrator{l'’}. The mapping from types 7 to transformed types integrator{t} is
defined in Listing 3.4. Intuitively, expressions that are completely deterministic
(e.g., expressions of ground type o) are left unchanged, whereas expressions that
implement or manipulate probability distributions are transformed into expressions
that implement or manipulate expectation operators. More concretely:

e If a sub-expression is of ground type o € {1,N,R, Ry 1}, R.o, ‘R;O}, then it is not
probabilistic, and its transformed type is just integrator{c} = o.

e If a sub-expression is of type P o (for one of the ground types o listed above), then
the transformed sub-expression will be the corresponding expectation operator,
of type integrator{P o} = (0 — RL)) - RL.

e If a sub-expression is of type 7; — 17, then the transformed sub-expression is also
a function, but it maps transformed values into transformed values:

integrator{t; — 7,} = integrator{t,} — integrator{t,}.

For instance, consider the expression Ap.do{x; < p;x, < p;return (x; + x)} of

73



type P R — P R. The original expression tells us how to take a sampler for a
distribution p and turn it into a sampler for the distribution +.(p ® p). When we
transform the expression, we want instead a recipe for converting the expectation
operator associated with p into the expectation operator associated with +.(p ® p).
That is, the transformed program should have type

integrator{P R — PR} = (R — RI)) = R)) = (R — R, — RS,

e If a sub-expression is of type 7; X 7,, then—because the surrounding expres-
sion may access either element of the tuple—the transformed sub-expression
should compute translations of both elements. Thus, the transformed type is
integrator{t; X 7,} = integrator{t,} X integrator{7,}. Similarly, if a sub-expression
is of type €171 ++ +{,7,,, because the surrounding expression may access the value
stored insid the sum, we need to compute a translation of that value, yielding a
transformed type {;integrator{t,} + - + {,integrator{z,}.

e If a program is of type P 7 for some non-ground type 7, then the transformed
program should be an expectation operator for distributions over integrator{z}.

The implementation of integrator is given in Listing 3.5. The program transformation
is implemented compositionally, by recursively translating sub-expressions of the
input program and combining them into a translation of the entire program.
Probabilistic primitives are translated directly into their primitive expectation
operators. Most language constructs are translated straightforwardly: pairs are
translated into pairs, functions are translated into functions, and so on.

The only non-trivial cases are those for the return and do constructs:

e The translation of return ¢ is Ag. g(integrator{e}). Recall that the meaning of
return ¢ is a Dirac delta distribution located at the value of e. The corresponding
expectation operator simply evaluates the input function g at the value.

e The translation of do{x « ¢;m}is Ag. integrator{e} (Ax. integrator{do{m}} g). This
translation is based on the law of total expectation:

I[1?:oc~[[€]},y~[[do{m}]](x'—mc) [g(y)] = Ex~[[eﬂ [Ey~[[do{m}]](xn—>x) [g(y)]]

This allows us to rewrite an integral with respect to a compound probabilistic
program as a nested integral with respect to, first, the first statement in the
probabilistic program, and second, the remainder of the probabilistic program.

Returning to the example in Fig. 3-2, integrator{e} computes the expectation operator
shown in the right panel, by systematically replacing sampling primitives with
expectation operator primitives, and do expressions with nested integration.
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3.2.3. Correctness via logical relations

For each type 7, Listing 3.4 also defines a logical relation Rr! C [7] X [integrator{z}].
This serves as a per-type specification or correctness criterion for the transformation:

an expression ¢, is a correct translation of the expression ey, if ([esc], [east]) € RTf .
Concretely:

e The simplest logical relation is R({ ,foro € {1,B,N,R, ‘R’;O}, which is the identity
relationon [o] ({(x, v) | x = y}). This specifies thatif ¢ is of type o, then integrator{e}
should have the same meaning as e.

e The logical relation R{l «1, specifies that expressions of pair type should be
translated into new expressions of pair type computing valid translations of each
component of the original pair.

e The logical relation R{l ., specifies that functions should be translated into new
functions that, when called on a correct translation of an input term, yield a
correct translation of the original function’s output on that input.

/

Z?:l i
translated into new expressions of sum type that evaluate to the same label ¢;,
but with the value held inside (of type 7;) translated correctly (into something of

type integrator{z;}).

e The logical relation R specifies that experssions of sum type should be

e The logical relation RI{ . specifies that probabilistic programs should be translated
into new expressions that compute valid translations of the expectation operator
of the original program.

We can now state and prove correctness of the integrator transformation. We start
with the fundamental lemma.

Lemma 1 (Fundamental lemma for integrator). Suppose I' + ¢ : 7 is a well-typed open
term. Then if (y1,72) € Rg, then ([e]()1), [integrator{e}]())) € RTf.

Proof. We proceed by induction on the derivationof I' ¢ : 7.

VAR

e Rule: if x ¢ T’
F,x:T,T’I—x:T(l )

We have that y1, 7, € Rf

- ... v, and so in particular,

([x]1(y1), [integrator{x}]()2)) = ([x] (1), [x](2)) = (y1lx], y2lx]) € R,,

as required.
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ConstR ConsTtN Unit

e Rules:
F'rr:R Trn:N Tr(:1

In all these cases, integrator{e} = ¢ and [e]}()’) does not depend on 7, so for all
(y1,72), [e](y1) = [integrator{e}]()-). This satisfies the specification, because for

each of these rules, the result type 7 is a ground type, and so R{ ={(xy) | x=y},
the identity relation.

Pair
I'kte:my I'te 1o

e Rule:

Ik (6’1,62) :T1 X To

Let (y1,72) € R{ . By the inductive hypotheses for the rule’s premises, we have
that ([e;] (1), [integrator{e;}]()2)) € R... Since 7; [(e1, 2)] () = [ei] (), this implies

([(e1, €2)] (1), [(integrator{e;}, integrator{e,})]()2)) € R{my as required.

Proj

I're:1y X1
e Rule: | ——M8M
I'rme:m;

Let ()1,72) € R{ . By the inductive hypothesis applied to the premise,

([e](1), [integrator(e}](12)) € R . .

By the definition of Rf forie {1,2}, we have

(1t; [e] (1), T [integrator{e}]()2)) € R{..

Therefore,

([ri e] (1), [rti integrator{e}](y2)) = (7; [e](y1), mi [integrator{e}]()2)) € R{.,

as required.

Iny
I'ke:t;

e Rule:
I'r fz' e: 51’(1 + - +€nTn

Let (y1,72) € R{ . By the inductive hypothesis applied to the premise,

([e](571), [integrator{e}](y2)) € RTfi.
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By the definition of Rén ...» wehave ((i([e] (1)), ti([integrator{e}]()2))) € R%n oo
=14 =147

Marcu
IF're:lt1++ 6,1, Ixy:myber st Ix,:t,ke,: 7

e Rule: -
I' - match e with {1x; > e |~ | Cx, > e,) i T

Let ()1,)2) € Rg . By the inductive hypothesis applied to the first premise,
([e)(71), [integrator{el] () € RL, |,

Suppose [e](y1) = i(v1) for some i € {1,...,n} and v; € [7,]. From the definition of

R we know that [integrator{e}](y,) = €i(v,) where (v1,v,) € R{.

i G’
For each j € {1,..,n}, we have by the inductive hypothesis applied to the

corresponding premise that if ()1[x; = v1], y2[x; > v2]) € R{, - then

([e;J(1lx; = o1]), [integrator{e }](y2lx; > v2])) € R{-
J

r,X,'ZT,"

Since (v1,v,) € RTfi and (y1,72) € Rf, we have (y1[x; = v1], y2[x; = v2]) € R

Therefore, ([e;](y1[x; = v1]), [integrator{e;}](y2[x; = ©v,])) € R{ , as required.

ABs
Ix:tyvre:1

e Rule:

I'rAx.e:11 > 1,

Let (y1,72) € Rg . By the definition of RT{_)TZ, we need to show that for all
(v1,v) € RTfl, ([Ax. e](y1)(v1), [Ax. integrator{e}]()2)(v2)) € Rsz.
J

For any (v1,v) € R7,, we have:

([Ax. e](y1)(1), [Ax. integrator{e}]()2)(v2)
= ([el(1[x = 1)), [integrator{e}](ya[x = ©2]))

J

Txty”

Since ()1,72) € R{ and (v, v,) € RTfl, we have (y1[x = v1],72[x = v2]) € R
Therefore, by the inductive hypothesis applied to the premise,

([e](y1lx = v1]), [integrator{e}](y2[x — v1])) € erz,

as required.

Arp
I'rey ity > 1) I'ke,:1g

e Rule:
T'rejer:1o
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Let (1,72) € R{ . By the inductive hypotheses applied to the premises:

(Ier]), [integratorfe)] () € RY, .,
([e21(y1), [integrator{e,}](y2)) € Ry,

Then by the definition of R{l—ﬂ'z/ we have

([ea](r1)([e2] (1)), [integrator{e: }] (o) ([integrator{e,}]()2))) € R{f

BuirtIn

Rule:

I'+ f: ArgType(f) — RetType(f)

For deterministic built-ins, the transformation leaves them unchanged, so we
have integrator{f;.} = fs:. All our deterministic built-ins have argument types
and return types that are ground types, with identity logical relations. Thus,
the corresponding logical relations at their function types are also the identity
relations. Thus, by leaving f,; unchanged, we trivially satisfy the specification.

For probabilistic built-ins f,,;,, we transform them into their corresponding built-
in expectation operators. The argument types of probabilistic built-ins are
ground types, and the return types are P o for some ground type 0. Thus, the
specification for the transform is that for any argument x € [ArgType(f,.)], we
have ([f,](x), [E fm(x)]]) € Rp ,. But this is simply the requirement that the built-in
expectation operator is really the expectation operator for the built-in probabilistic
primitive, which holds by construction.

ReETURN

T're:t
Rule:

I'ktreturne: Pt

Let (y1,72) € R{ , and suppose (g1, $2) € R{ _ g - Then we want to show that
>0

( f gid[return ¢](y1), g2([integrator{e}]) | € R‘Jf‘io'

From the semantics of return, we know that [return e[(y1) = 6, the Dirac
measure at [¢](y1). Therefore, f gid[return e](y1) = g1([e](y1)). By the fact that

(81,82) € R{_)mo, we have

([e]On), [integratorle}](72) € R = (1([e](01)), g»([integratorle}]())) € RY .
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The hypothesis on the left holds by induction, and so we obtain the conclusion.

Do
I'te:Pr1
Rule:
I'rdofe}: Pt

Let ()1,72) € R{ . By the inductive hypothesis applied to the premise,
(IeJn) [integratore}](r2)) € Ry,

We have [do {¢}]()1) = [e](y1) and [integrator{do {¢}}]()2) = [integrator{e}]()-),
so ([do {e}] (1), [integrator{do {e}}]()2)) € Rg _, as required.

Binp
I're:P1y Ix:tyrdo{m}:P1,

I'tdo{x «<e;m}:P1,

Rule:

Let ()1,72) € R{. The semantics of do {x « ¢;m} is:

[do fx ey = fildo (L - o) [0, )
The expectation operator corresponding to this measure is

g~ [e](y)( = [do {m}](y1[x = v])(8))

The semantics of the transformed expression is:

g > [integrator{e}](y2)(v = [integrator{do {m}}](y2[x — v])(g))

Now suppose (g1, $2) € R{

T —)EKZO’
operator to g; and the transformed expression’s semantics to g,.

and consider the result of applying the expectation

By the inductive hypothesis for the second premise, for all (v, v2) € R{l, we have

(yilx = v1], y2[x > v2]) € R{X 2y which implies:

([do {m}](1[x = v1])(g1), [integrator{do {m}}](y2[x — v2])(g2)) € an .
Thus, the maps

Gy :=v > [do {m}](y1[x - v])(g1)
G, = v > [integrator{do {m}}](y2[x + v])(g2)
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are related by R{l L By the inductive hypotheses applied to the first premise,

(Ie] 1), [integrator{e}](72)) € R

and thus ([e](y1)(G1), [integrator{e}]()2)(G2)) € R£§O, as required.

This completes the case analysis for all typing rules, establishing that the integrator
transformation preserves the logical relation for all well-typed terms. O

Theorem 1 (Correctness of integrator). Let e be a program of type P 0. Then
[integrator{e}] is the corresponding expectation operator Eﬁle]]'
Proof. By Lemma 1, ([e], [integrator{e}]) € Rp,, which immediately gives the
desired result. O

3.3 Automatic unbiased estimation via higher-order operator overloading

With automatic integration, users can define programs that encode integrals (and
functions of integrals) that they wish to compute. We now aim to transform
these programs—which would generally be intractable to evaluate exactly—into
probabilistic programs that unbiasedly estimate their values.

3.3.1. Higher-order operator overloading

To transform a program of type R, into an unbiased estimator, the estimator
transformation (Listings 3.6 and 3.7) recurses through the program, looking for
primitive operations f.,; that either produce or consume values of type R’ ;. When such
a primitive is encountered, estimator replaces it with code that instead produces and
consumes unbiased estimators, of type P (R X -+ X R). Thus, estimator implements
a form of operator overloading: each primitive that operates on extended reals is
overloaded to also operate on unbiased estimators.

This recursive find-and-replace approach is formalized in Listings 3.6 and 3.7. At
the type level, estimator replaces all occurrences of R, with P (R X -+ X R), the type
of probabilistic programs returning n-dimensional vectors of standard real numbers.
At the expression level, estimator leaves most program structure unchanged (e.g.,
functions are transformed into functions, pairs into pairs) but replaces primitives
fext Operating on R values with their overloaded versions.

Overloading first-order primitives. The core requirement for overloading a primi-
tive f.. is that its translated implementation, estimator{f..,}, must bridge the gap
between the original semantics and the world of estimators. If f,,; originally maps
arguments ay, ..., a to a result r, then estimator{ fm} must map inputs 21\1, ,Zz\k toan
output?: where each 7